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Preface 


Topological K-theory, the first generalized cohomology theory to be studied thor- 
oughly, was introduced around 1960 by Atiyah and Hirzebruch, based on the Periodic- 
ity Theorem of Bott proved just a few years earlier. In some respects K-theory is more 
elementary than classical homology and cohomology, and it is also more powerful for 
certain purposes. Some of the best-known applications of algebraic topology in the 
twentieth century, such as the theorem of Bott and Milnor that there are no division 
algebras after the Cayley octonions, or Adams’ theorem determining the maximum 
number of linearly independent tangent vector fields on a sphere of arbitrary dimen- 
sion, have relatively elementary proofs using K-theory, much simpler than the original 
proofs using ordinary homology and cohomology. 

The first portion of this book takes these theorems as its goals, with an exposition 
that should be accessible to bright undergraduates familiar with standard material in 
undergraduate courses in linear algebra, abstract algebra, and topology. Later chap- 
ters of the book assume more, approximately the contents of a standard graduate 
course in algebraic topology. A concrete goal of the later chapters is to tell the full 
story on the stable J-homomorphism, which gives the first level of depth in the stable 
homotopy groups of spheres. Along the way various other topics related to vector 
bundles that are of interest independent of K-theory are also developed, such as the 
characteristic classes associated to the names Stiefel and Whitney, Chern, and Pon- 
tryagin. 


Introduction 


Everyone is familiar with the Mobius band, the twisted product of a circle and a 
line, as contrasted with an annulus which is the actual product of a circle and a line. 
Vector bundles are the natural generalization of the Mobius band and annulus, with 
the circle replaced by an arbitrary topological space, called the base space of the vector 
bundle, and the line replaced by a vector space of arbitrary finite dimension, called the 
fiber of the vector bundle. Vector bundles thus combine topology with linear algebra, 
and the study of vector bundles could be called Linear Algebraic Topology. 

The only two vector bundles with base space a circle and one-dimensional fiber 
are the Möbius band and the annulus, but the classification of all the different vector 
bundles over a given base space with fiber of a given dimension is quite difficult in 
general. For example, when the base space is a high-dimensional sphere and the 
dimension of the fiber is at least three, then the classification is of the same order 
of difficulty as the fundamental but still largely unsolved problem of computing the 
homotopy groups of spheres. 

In the absence of a full classification of all the different vector bundles over a 
given base space, there are two directions one can take to make some partial progress 
on the problem. One can either look for invariants to distinguish at least some of the 
different vector bundles, or one can look for a cruder classification, using a weaker 
equivalence relation than the natural notion of isomorphism for vector bundles. As it 
happens, the latter approach is more elementary in terms of prerequisites, so let us 
discuss this first. 

There is a natural direct sum operation for vector bundles over a fixed base space 
X, which in each fiber reduces just to direct sum of vector spaces. Using this, one can 
obtain a weaker notion of isomorphism of vector bundles by defining two vector bun- 
dles over the same base space X to be stably isomorphic if they become isomorphic 
after direct sum with product vector bundles Xx R” for some n, perhaps different 
n’s for the two given vector bundles. Then it turns out that the set of stable isomor- 
phism classes of vector bundles over X forms an abelian group under the direct sum 
operation, at least if X is compact Hausdorff. The traditional notation for this group 
is KO(X). Inthe case of spheres the groups KO(S") have the quite unexpected prop- 
erty of being periodic in n. This is called Bott Periodicity, and the values of KO(S") 
are given by the following table: 


nmodg8/}1 2 3 4 5 6 7 8 
KOS"). Zs zZ40ZzZz000Z 


For example, KO(S') is Z>, acyclic group of order two, and a generator for this group 
is the Mobius bundle. This has order two since the direct sum of two copies of the 
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Mobius bundle is the product S$! x R?, as one can see by embedding two Möbius bands 
in a solid torus so that they intersect orthogonally along the common core circle of 
both bands, which is also the core circle of the solid torus. 

Things become simpler if one passes from real vector spaces to complex vector 
spaces. The complex version of KO(X), called K(X), is constructed in the same way 
as KO(X) but using vector bundles whose fibers are vector spaces over C rather than 
R. The complex form of Bott Periodicity asserts simply that K(S") is Z for n even 
and 0 for n odd, so the period is two rather than eight. 

The groups K(X) and KO(X) for varying X share certain formal properties with 
the cohomology groups studied in classical algebraic topology. Using a more general 
form of Bott periodicity, it is in fact possible to extend the groups K(X) and KO(X) 
to a full cohomology theory, families of abelian groups K"(X) and KO"(x )forneZ 
that are periodic in n of period two and eight, respectively. There is more algebraic 
structure here than just the additive group structure, however. Tensor products of 
vector spaces give rise to tensor products of vector bundles, which in turn give prod- 
uct operations in both real and complex K-theory similar to cup product in ordinary 
cohomology. Furthermore, exterior powers of vector spaces give natural operations 
within K-theory. 

With all this extra structure, K-theory becomes a powerful tool, in some ways 
more powerful even than ordinary cohomology. The prime example of this is the very 
simple proof, once the basic machinery of complex K-theory has been set up, of the 
theorem that there are no finite dimensional division algebras over R in dimensions 
other than 1, 2, 4, and 8, the dimensions of the classical examples of the real and 
complex numbers, the quaternions, and the Cayley octonions. The same proof shows 
also that the only spheres whose tangent bundles are product bundles are S 1s? and 
5’, the unit spheres in the complex numbers, quaternions, and octonions. 

Another classical problem that can be solved more easily using K-theory than 
ordinary cohomology is to find the maximum number of linearly independent tangent 
vector fields on the sphere S”. In this case complex K-theory is not enough, and the 
added subtlety of real K-theory is needed. There is an algebraic construction of the 
requisite number of vector fields using Clifford algebras, and the task is to show there 
can be no more than this construction provides. Clifford algebras also give a nice 
explanation for the mysterious sequence of groups appearing in the real form of Bott 
periodicity. 

Now let us return to the original classification problem for vector bundles over a 
given base space and the question of finding invariants to distinguish different vector 
bundles. The first such invariant is orientability, the question of whether all the fibers 
can be coherently oriented. For example, the Möbius bundle is not orientable since 
as one goes all the way around the base circle, the orientation of the fiber lines is 
reversed. This does not happen for the annulus, which is an orientable vector bundle. 
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Orientability is measured by the first of a sequence of cohomology classes associ- 
ated to a vector bundle, called Stiefel-Whitney classes. The next Stiefel-Whitney class 
measures a more refined sort of orientability called a spin structure, and the higher 
Stiefel-Whitney classes measure whether the vector bundle looks more and more like 
a product vector bundle over succesively higher dimensional subspaces of the base 
space. Cohomological invariants of vector bundles such as these with nice general 
properties are known as characteristic classes. It turns out that Stiefel-Whitney classes 
generate all characteristic classes for ordinary cohomology with Z, coefficients, but 
with Z coefficients there are others, called Pontryagin and Euler classes, the latter 
being related to the Euler characteristic. Although characteristic classes do not come 
close to distinguishing all the different vector bundles over a given base space, except 
in low dimensional cases, they have still proved themselves to be quite useful objects. 


Chapter 
Vector Bundles 


To motivate the definition of a vector bundle let us consider tangent vectors to 
the unit 2-sphere $°? in R. At each point x € S° there is a tangent plane P,.. This 
is a 2-dimensional vector space with the point 
x as its zero vector 0,. Vectors v, © P, are 
thought of as arrows with their tail at x. If 
we regard a vector v, in P, as a vector in RŽ, 
then the standard convention in linear algebra 
would be to identify v, with all its parallel 
translates, and in particular with the unique 
translate T(v,.) having its tail at the origin in 


R. The association v, + T(v,) defines a 
function tT: TS*—>R° where TS? is the set of all tangent vectors Vv, as x ranges 
over S°. This function T is surjective but certainly not injective, as every nonzero 
vector in R? occurs as T(v,) for infinitely many x, in fact for all x in a great circle 
in S*. Moreover T(0,) = 0 for all x € S*, so tT '(0) is a whole sphere. On the other 
hand, the function TS*—>S*xR®, v, > (x,T(v,)), is injective, and can be used to 
topologize TS* as a subspace of S*xR°, namely the subspace consisting of pairs 
(x,v) with v orthogonal to x. 

Thus TS? is first of all a topological space, and secondly it is the disjoint union 
of all the vector spaces P, for x € S°. One can think of TS? as a continuous family 
of vector spaces parametrized by points of $°. 

The simplest continuous family of 2-dimensional vector spaces parametrized by 
points of S? is of course the product S*xR*. Is that what TS? really is? More 
precisely we can ask whether there is a homeomorphism h:TS*— Sx R* that takes 
each plane P, to the plane {x} x R? by a vector space isomorphism. If we had such 
an h, then for each fixed nonzero vector v € R? the family of vectors v, = h~! (x, v) 
would be a continuous field of nonzero tangent vectors to $°. It is a classical theorem 
in algebraic topology that no such vector field exists. (See §2.2 for a proof using 


Basic Definitions and Constructions Section 1.1 5 


techniques from this book.) So TS* is genuinely twisted, and is not just a disguised 
form of the product S? x R?. 

Dropping down a dimension, one could consider in similar fashion the space TS! 
of tangent vectors to the unit circle S! in R°. In this case there is a continuous 
field v, of nonzero tangent vectors to S | obtained by regarding 
points x € S! as unit complex numbers and letting v, be the 
translation of the vector ix that has its tail at x. This leads toa 


Vy x 


homeomorphism S'x R—TS! taking (x,t) to tv,, with {x}xR 
going to the tangent line at x by a linear isomorphism. Thus TS! 
really is equivalent to the product Stx Rt. 

Moving up to S$ 3 the unit sphere in R*, the space TS? of tangent vectors is again 
equivalent to the product S? x R?. Regarding R* as the quaternions, an equivalence is 
the homeomorphism S$? x R°—>TS®* sending (x, (t4, tz, t3)) to the translation of the 
vector tix + t jx + t3kx having its tail at x. A similar construction using Cayley 
octonions shows that TS’ is equivalent to S’ x R”. Itis a rather deep theorem, proved 
in §2.3, that S', S?, and S” are the only spheres whose tangent bundle is equivalent 
to a product. 

Although TS” is not usually equivalent to the product S$” xR”, there is a sense 
in which this is true locally. Take the case of the 2-sphere for example. For a point 
x € S° let P be the translate of the tangent plane P, that passes through the ori- 
gin. For points y € S° that are sufficiently close to x the map T,,:P,,—>P sending 
a tangent vector v, to the orthogonal projection of T(v,,) onto P is a linear iso- 
morphism. This is true in fact for any y on the same side of P as x. Thus for 
y in a suitable neighborhood U of x in S* the map (y, vy) > (y,Try(v,)) is a 
homeomorphism with domain the subspace of TS? consisting of tangent vectors at 
points of U and with range the product UxP. Furthermore this homeomorphism 
has the key property of restricting to a linear isomorphism from P,, onto P for each 
y E U. A convenient way of rephrasing this situation, having the virtue of easily 
generalizing, is to let p : TS? — S° be the map (x, vy) ++ x, and then we have a home- 
omorphism p~'(U) UP that restricts to a linear isomorphism p~'(y)— {y}xP 
for each y € U. With this observation we are now ready to begin with the formal 
definition of a vector bundle. 
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1.1 Basic Definitions and Constructions 


Throughout the book we use the word “map" to mean a continuous function. 


An n-dimensional vector bundle is a map p:E—B together with a real vector 
space structure on p ‘(b) for each b € B, such that the following local triviality 
condition is satisfied: There is a cover of B by open sets U, for each of which there 
exists a homeomorphism h,:p~'(U,) ~U, xR" taking p~'(b) to {b} xR" by a vec- 
tor space isomorphism for each b € Ux. Such an hy is called a local trivialization of 
the vector bundle. The space B is called the base space, E is the total space, and the 
vector spaces p™! (b) are the fibers. Often one abbreviates terminology by just calling 
the vector bundle E, letting the rest of the data be implicit. 

We could equally well take C in place of R as the scalar field, obtaining the notion 
of a complex vector bundle. We will focus on real vector bundles in this chapter. 
Usually the complex case is entirely analogous. In the next chapter complex vector 
bundles will play the larger role, however. 

Here are some examples of vector bundles: 


(1) The product or trivial bundle E = BxR" with p the projection onto the first 
factor. 


(2) If we let E be the quotient space of Ix R under the identifications (0,t) ~ (1,-t), 
then the projection [x R—>I induces a map p:E—S' whichis a 1-dimensional vector 
bundle, or line bundle. Since E is homeomorphic to a Mobius band with its boundary 
circle deleted, we call this bundle the Möbius bundle. 


(3) The tangent bundle of the unit sphere S” in R”*!, a vector bundle p:E—S” 
where E = {(x,v) € S"xR"*! | x 1 v} and we think of v as a tangent vector to 
S” by translating it so that its tail is at the head of x, on S”. The map p:E—S”" 
sends (x,v) to x. To construct local trivializations, choose any point x € S” and 
let U, C S” be the open hemisphere containing x and bounded by the hyperplane 
through the origin orthogonal to x. Define h,:p~'(U,)~U,xp t(x) = U,xR" 
by h,(y,v) = (y,7,(v)) where Tr, is orthogonal projection onto the hyperplane 
p ‘(x). Then h, is a local trivialization since Tr, restricts to an isomorphism of 
p ‘(y) onto p~! (x) for each y € Ue 


(4) The normal bundle to S” in R"*!, a line bundle p:E—S" with E consisting of 
pairs (x,v) € S"xR"*! such that v is perpendicular to the tangent plane to S” at 
x, or in other words, v = tx for some t € R. The map p:E—S"” is again given by 
p(x,v) =x. As in the previous example, local trivializations h,:p '(U,)-U, xR 
can be obtained by orthogonal projection of the fibers p-'(y) onto p~! (x) for y € 
Uy: 


Rr 


(5) Real projective n-space RP” is the space of lines in through the origin. 


Since each such line intersects the unit sphere S” ina pair of antipodal points, we can 
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also regard RP” as the quotient space of S” in which antipodal pairs of points are 
identified. The canonical line bundle p:E— RP" has as its total space E the subspace 
of RP”xR"*! consisting of pairs (£,v) with v € £, and p(£,v) = £. Again local 
trivializations can be defined by orthogonal projection. 

There is also an infinite-dimensional projective space RP® which is the union 
of the finite-dimensional projective spaces RP” under the inclusions RP” c RP”*! 
coming from the natural inclusions R"*! c R"*?. The topology we use on RP™ is 
the weak or direct limit topology, for which a set in RP” is open iff it intersects each 


RP” in an open set. The inclusions RP” c RP"*! 


induce corresponding inclusions 
of canonical line bundles, and the union of all these is a canonical line bundle over 
RP”, again with the direct limit topology. Local trivializations work just as in the 


finite-dimensional case. 


(6) The canonical line bundle over RP” has an orthogonal complement, the space 
E+ = {(@,v) € RP"xR”™*! |v + £}. The projection p:E+—RP", p£, v) = £, 
is a vector bundle with fibers the orthogonal subspaces £+, of dimension n. Local 
trivializations can be obtained once more by orthogonal projection. 


A natural generalization of RP” is the so-called Grassmann manifold G(R”), 
the space of all k-dimensional planes through the origin in R”. The topology on this 
space will be defined precisely in §1.2, along with a canonical k-dimensional vector 
bundle over it consisting of pairs (f,v) where £ is a point in G(R”) and v isa 
vector in £. This too has an orthogonal complement, an (n — k)-dimensional vector 
bundle consisting of pairs (f,v) with v orthogonal to £. 


An isomorphism between vector bundles p,:E,—B and p,:E,—B over the same 
base space B is a homeomorphism h:E,—E, taking each fiber p;'(b) to the cor- 
responding fiber p> '(b) by a linear isomorphism. Thus an isomorphism preserves 
all the structure of a vector bundle, so isomorphic bundles are often regarded as the 
same. We use the notation E, ~ E, to indicate that E, and E, are isomorphic. 

For example, the normal bundle of S” in R"*! is isomorphic to the product bun- 
dle S” xR by the map (x,tx) + (x,t). The tangent bundle to St is also isomorphic 
to the trivial bundle S!x R, via (e!”, ite?) 1 (e!, t), for e e S! andt eR. 

As a further example, the Mobius bundle in (2) above is isomorphic to the canon- 
ical line bundle over RP! ~ St. Namely, RP! is swept out by a line rotating through 
an angle of Tr, so the vectors in these lines sweep out a rectangle [0, rr ]x R with the 
two ends {0}x R and {7r}xR identified. The identification is (0,x) ~ (17T,—x) since 
rotating a vector through an angle of mr produces its negative. 


Sections 


A section of a vector bundle p:E—B is a map s:B—E assigning to each b € Ba 
vector s(b) in the fiber p~! (b). The condition s(b) € p ‘(b) can also be written as 
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ps = 1, the identity map of B. Every vector bundle has a canonical section, the zero 
section whose value is the zero vector in each fiber. We often identify the zero section 
with its image, a subspace of E which projects homeomorphically onto B by p. 

One can sometimes distinguish nonisomorphic bundles by looking at the com- 
plement of the zero section since any vector bundle isomorphism h:E,—E, must 
take the zero section of E, onto the zero section of E,, so the complements of the 
zero sections in FE, and E, must be homeomorphic. For example, we can see that the 
Möbius bundle is not isomorphic to the product bundle Stx R since the complement 
of the zero section is connected for the Möbius bundle but not for the product bundle. 

At the other extreme from the zero section would be a section whose values are 
all nonzero. Not all vector bundles have such a section. Consider for example the 
tangent bundle to S”. Here a section is just a tangent vector field to S$”. As we shall 
show in §2.2, S” has a nonvanishing vector field iff n is odd. From this it follows 
that the tangent bundle of S” is not isomorphic to the trivial bundle if n is even 
and nonzero, since the trivial bundle obviously has a nonvanishing section, and an 
isomorphism between vector bundles takes nonvanishing sections to nonvanishing 
sections. 

In fact, an n-dimensional bundle p:E—B is isomorphic to the trivial bundle iff 
it has n sections s,,---,5, such that the vectors s,(b),---,s,,(b) are linearly inde- 
pendent in each fiber p~!(b). In one direction this is evident since the trivial bundle 
certainly has such sections and an isomorphism of vector bundles takes linearly inde- 
pendent sections to linearly independent sections. Conversely, if one has n linearly 
independent sections s;, the map h:BxR" —E given by h(b,t,,---,t,) = X; t;s;(b) 
is a linear isomorphism in each fiber, and is continuous since its composition with 
a local trivialization p~'(U) ~ Ux R” is continuous. Hence h is an isomorphism by 
the following useful technical result: 


Lemma 1.1. A continuous map h :E,—E, between vector bundles over the same 
base space B is an isomorphism if it takes each fiber pī ‘(b) to the corresponding 
fiber p> '(b) by a linear isomorphism. 


Proof: The hypothesis implies that h is one-to-one and onto. What must be checked is 
that h~! is continuous. This is a local question, so we may restrict to an open set U c B 
over which E; and E, are trivial. Composing with local trivializations reduces to the 
case that h is a continuous map UxR"—UxR” of the form h(x,v) = (x,g,(v)). 
Here g, is an element of the group GL, (R) of invertible linear transformations of 
R”, and g, depends continuously on x. This means that if g, is regarded as an 
nxn matrix, its n? entries depend continuously on x. The inverse matrix Ix l also 
depends continuously on x since its entries can be expressed algebraically in terms 
of the entries of gą, namely, g,' is 1/(detg,) times the classical adjoint matrix of 


gx. Therefore h7!(x,v) = (x,gx'(v)) is continuous. Oo 
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As an example, the tangent bundle to S! is trivial because it has the section 
(X1,X) œ> (=X, X4) for (x,,xX.) € S!. In terms of complex numbers, if we set 
Z =X + ix, then this section is z + iz since iz = —xX) + ix). 

There is an analogous construction using quaternions instead of complex num- 
bers. Quaternions have the form z = x, + ix. + jx3+kx,, and form a division algebra 
H via the multiplication rules i? = j = k* = -1, ij =k, jk =i, ki = j, ji = —k, 
kj = —i, and ik = —j. If we identify H with R* via the coordinates (x4, X9, X3, X4), 
then the unit sphere is S3 and we can define three sections of its tangent bundle by 
the formulas 


Zr iz or (Xis X2, X3, X4) > (Mog X]; = Kas X3) 
Zr jz or (X1, X2, X3, X4) > (X3, X4, X], =X») 
Ze kz or (X1, X2, X3, X4) œ> (—X4, —X3, X2, X1) 


Itis easy to check that the three vectors in the last column are orthogonal to each other 
and to (x1, X2, X3,X4), SO we have three linearly independent nonvanishing tangent 
vector fields on S?, and hence the tangent bundle to S° is trivial. 

The underlying reason why this works is that quaternion multiplication satisfies 
|zw| = |z||w|, where |-| is the usual norm of vectors in R*. Thus multiplication by a 
quaternion in the unit sphere S? is an isometry of H. The quaternions 1, i, j,k form 
the standard orthonormal basis for R*, so when we multiply them by an arbitrary unit 
quaternion z € S? we get a new orthonormal basis z, iz, jz, kz. 

The same constructions work for the Cayley octonions, a division algebra struc- 
ture on R. Thinking of R as HxH, multiplication of octonions is defined by 
(Zi, Z2)(W1, W2) = (Z1 W1 —WZ,Z.W, + WZ,) and satisfies the key property |zw| = 
|z||w|. This leads to the construction of seven orthogonal tangent vector fields on 
the unit sphere S”, so the tangent bundle to S” is also trivial. As we shall show in 
§2.3, the only spheres with trivial tangent bundle are S', S°, and S”. 


Another way of characterizing the trivial bundle E ~ Bx R” is to say that there is a 
continuous projection map E— R” which is a linear isomorphism on each fiber, since 
such a projection together with the bundle projection E—B gives an isomorphism 
E =x BxR", by Lemma 1.1. 


Direct Sums 


Given two vector bundles p,:E,—B and p»:E,—B over the same base space B, 
we would like to create a third vector bundle over B whose fiber over each point of B 
is the direct sum of the fibers of E, and E, over this point. This leads us to define 
the direct sum of E, and E, as the space 


E, 9E, = { (V1, V2) E E, XE, | py (V1) = po (v2) } 


There is then a projection E} ® Ep —> B sending (v,,v>) to the point p; (v1) = po (v2). 
The fibers of this projection are the direct sums of the fibers of E, and E,, as we 
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wanted. For a relatively painless verification of the local triviality condition we make 
two preliminary observations: 


(a) Given a vector bundle p:E—B and a subspace A c B, then p:p !(A)—A is 
clearly a vector bundle. We call this the restriction of E over A . 


(b) Given vector bundles p,:E,—B, and po:E,—B>, then p; X po: E, X Ex B X Bo 
is also a vector bundle, with fibers the products p;'(b,)< ps '(b>). For if we have 
local trivializations h,:p,!(U,) Uy XR” and hg: pz! (Ug) >Ugx R” for E; and 
E,, then hy, xhg is a local trivialization for E} x E}. 


Then if E; and E, both have the same base space B, the restriction of the product 
E, XE, over the diagonal B = {(b,b) € BxB} is exactly E; @ E}. 

The direct sum of two trivial bundles is again a trivial bundle, clearly, but the 
direct sum of nontrivial bundles can also be trivial. For example, the direct sum of 
the tangent and normal bundles to S” in R”*! is the trivial bundle $"< R"*! since 
elements of the direct sum are triples (x,v,tx) € S"xR™! x R"*! with x 1 v, and 
the map (x,v,tx) (x,u+tx) gives an isomorphism of the direct sum bundle with 
S"xR"*!. So the tangent bundle to S” is stably trivial: it becomes trivial after taking 
the direct sum with a trivial bundle. 

As another example, the direct sum E®E* of the canonical line bundle E— RP” 
with its orthogonal complement, defined in example (6) above, is isomorphic to the 
trivial bundle RP" x R”"*! via the map (f,v,w) => (€,v + w) for v € £ and w 1 £. 
Specializing to the case n = 1, the bundle E~ is isomorphic to E itself by the map that 
rotates each vector in the plane by 90 degrees. We noted earlier that E is isomorphic 
to the Mobius bundle over St = RP!, so it follows that the direct sum of the Mobius 
bundle with itself is the trivial bundle. To see this geometrically, embed the Mobius 
bundle in the product bundle S! x R° by taking the line in the fiber {9} x R? that makes 
an angle of 0/2 with the x-axis, and then the orthogonal lines in the fibers form a 
second copy of the Mobius bundle, giving a decomposition of the product Stx R° as 
the direct sum of two Mobius bundles. 


Example: The tangent bundle of real projective space. Starting with the isomor- 
phism S”xR"*! = TS"@®NS", where NS” is the normal bundle of S” in R”*?, 
suppose we factor out by the identifications (x,v) ~ (—x,-—v) on both sides of this 
isomorphism. Applied to TS” this identification yields TRP” , the tangent bundle to 
RP”. This is saying that a tangent vector to RP” is equivalent to a pair of antipodal 
tangent vectors to S”. A moment’s reflection shows this to be entirely reasonable, 
although a formal proof would require a significant digression on what precisely tan- 
gent vectors to a smooth manifold are, a digression we shall skip here. What we will 
show is that even though the direct sum of TRP” with a trivial line bundle may not 
be trivial as it is for a sphere, it does split in an interesting way as a direct sum of 
nontrivial line bundles. 
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In the normal bundle NS” the identification (x, v) ~ (—x,—v) can be written as 
(x,tx) ~ (—x,t(—x)). This identification yields the product bundle RP”x R since 
the section x +> (—x,-—x) is well-defined in the quotient. Now let us consider the 
identification (x,v) ~ (—x,—-v) in S"xR"*!. This identification respects the co- 
ordinate factors of R”*!, so the quotient is the direct sum of n + 1 copies of the 
line bundle E over RP” obtained by making the identifications (x,t) ~ (—x,—-t) 
in S"xR. The claim is that E is just the canonical line bundle over RP”. To see 
this, let us identify S”xR with NS” by the isomorphism (x,t) —> (x,tx), hence 
(=x, =t)  ((-x, (-t)(-x)) = (-x,tx). Thus we have the identification (x,tx) ~ 
(—x,tx) in NS”. The quotient is the canonical line bundle over RP” since the iden- 
tifications x ~ —x in the first coordinate give lines through the origin in R"*!, and 
in the second coordinate there are no identifications so we have well-defined vectors 
tx in these lines. 

Thus we have shown that the direct sum of the tangent bundle TRP” with a 
trivial line bundle is isomorphic to the direct sum of n+ 1 copies of the canonical line 
bundle over RP”. When n = 3, for example, TRP? is trivial since the three linearly 
independent tangent vector fields on $? defined earlier in terms of quaternions pass 
down to linearly independent tangent vector fields on the quotient RP*®. Hence the 
direct sum of four copies of the canonical line bundle over RP? is trivial. Similarly 
using octonions we can see that the direct sum of eight copies of the canonical line 
bundle over RP’ is trivial. In §2.5 we will determine when the sum of k copies of 
the canonical line bundle over RP” is at least stably trivial. The answer turns out to 
be rather subtle: This happens exactly when k is a multiple of 2? where q(n) is 
the number of integers i in the range 0 < i < n with i congruent to 0, 1, 2, or 4 
modulo 8. For n = 3,7 this gives 2” = 4,8, the same numbers we obtained from 
the triviality of TRP? and TRP”. If there were a 16-dimensional division algebra after 
the octonions then one might expect the sum of 16 copies of the canonical line bundle 
over RP!° to be trivial. However this is not the case since 2?!) = 27 = 128. 


Inner Products 


An inner product on a vector bundle p:E—B is a map (,):E®E—R which 
restricts in each fiber to an inner product, a positive definite symmetric bilinear form. 


Proposition 1.2. An inner product exists for a vector bundle p:E—B if B is compact 
Hausdorff or more generally paracompact. 


The definition of paracompactness we are using is that a space X is paracompact 
if itis Hausdorff and every open cover has a partition of unity subordinate to the cover, 
a collection of maps mg: X—[0,1] each having support (the closure of the set where 
Pg is nonzero) contained in some set of the open cover, and such that >g pg = 1 
with only finitely many of the @,’s nonzero near each point of X. Constructing 
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such functions is easy when X is compact Hausdorff, using Urysohn’s Lemma. This 
is done in the appendix to this chapter, where we also show that certain classes of 
noncompact spaces are paracompact. Most spaces that arise naturally in algebraic 
topology are paracompact. 


Proof: Let {U,} be an open cover of B for which there exist local trivializations 
hyip '(Ux)~U,xR". These can be used to pull back the standard inner product 
in R” to an inner product (-,-), on p ‘(U,). An inner product on all of E is then 
obtained by setting (v, w) = dg Mgp(V)(V, Wwa) where {pg} is a partition of unity 
subordinate to the cover {Ux}, with the support of @, contained in U,;g). oO 


In the case of complex vector bundles one can construct Hermitian inner products 
in the same way. 


In linear algebra one can show that a vector subspace is always a direct summand 
by taking its orthogonal complement. We will show now that the corresponding result 
holds for vector bundles over a paracompact base. A vector subbundle of a vector 
bundle p:E—B has the natural definition: a subspace Eo C E intersecting each fiber 
of E in a vector subspace, such that the restriction p :Eọ—>B is a vector bundle. 


Proposition 1.3. If E—B is a vector bundle over a paracompact base B and Ey C E 


is a vector subbundle, then there is a vector subbundle Ey C E such that E, 8 Eg = E. 


Proof: With respect to a chosen inner product on E, let Ej be the subspace of E 
which in each fiber consists of all vectors orthogonal to vectors in Ey. We claim 
that the natural projection Ej —B is a vector bundle. If this is so, then Ey ® Eo is 
isomorphic to E via the map (v,w) + v + w, using Lemma 1.1. 

To see that Eo satisfies the local triviality condition for a vector bundle, note 
first that we may assume E is the product Bx R” since the question is local in B. 
Since E, is a vector bundle, of dimension m say, it has m independent local sections 
b +> (b,s;(b)) near each point by € B. We may enlarge this set of m independent 
local sections of Eg to a set of n independent local sections b + (b,s;(b)) of E by 
choosing S,,1,°°*,S, first in the fiber p~! (bọ), then taking the same vectors for 
all nearby fibers, since if 5),--+,Sj,Sm41,'‘‘,Sy are independent at bọ, they will 
remain independent for nearby b by continuity of the determinant function. Apply 
the Gram-Schmidt orthogonalization process to $4, **,SmsSm+1»** *s Sn ineach fiber, 
using the given inner product, to obtain new sections s;. The explicit formulas for 
the Gram-Schmidt process show the s;’s are continuous, and the first m of them are 
a basis for Ey in each fiber. The sections s; allow us to define a local trivialization 
h:p-'(U)>UxR" with h(b,si(b)) equal to the i standard basis vector of R”. 
This h carries Ey to UX R” and Eọ to U xR” ™, so h| EQ is a local trivialization of 
Eo. o 
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Note that when the subbundle Ep is equal to EF itself, the last part of the proof 
shows that for any vector bundle with an inner product it is always possible to choose 
local trivializations that carry the inner product to the standard inner product, so the 
local trivializations are by isometries. 

We have seen several cases where the sum of two bundles, one or both of which 
may be nontrivial, is the trivial bundle. Here is a general result result along these lines: 


| Proposition 1.4. For each vector bundle E—B over a compact Hausdorff space B 
there exists a vector bundle E’—B such that E E’ is the trivial bundle. 


This can fail when B is noncompact. An example is the canonical line bundle over 
RP” , as we shall see in Example 3.6. 


Proof: To motivate the construction, suppose first that the result holds and hence 
that E is a subbundle of a trivial bundle Bx R. Composing the inclusion of E into 
this product with the projection of the product onto R yields a map E—R that 
is a linear injection on each fiber. Our strategy will be to reverse the logic here, first 
constructing a map E— R that is a linear injection on each fiber, then showing that 
this gives an embedding of E in Bx R as a direct summand. 

Each point x € B has an open neighborhood U, over which E is trivial. By 
Urysohn’s Lemma there is a map p, :B— [0,1] that is nonzero at x and has support 
contained in U,.. Letting x vary, the sets Qy (0, 1] form an open cover of B. By com- 
pactness this has a finite subcover. Let the corresponding U,.’s and @,.’s be relabeled 
U; and ;. Define g;:E— R” by g;(v) = pi(p(v)) (Th, (v)) where p is the projec- 
tion EB and 11,h, is the composition of a local trivialization h;: p~‘(U;) ~U; x R” 
with the projection Tr; to R”. Then g; is a linear injection on each fiber over g; TO 
so if we make the various g,’s the coordinates of a map g:E— R^ with RY a product 
of copies of R”, then g is a linear injection on each fiber. 

The map g is the second coordinate of a map f:E—B xR’ with first coordinate 
p. The image of f is a subbundle of the product Bx R since projection of R onto 
the i R” factor gives the second coordinate of a local trivialization over 7 LO, 
Thus we have E isomorphic to a subbundle of Bx R so by the preceding proposition 
there is a complementary subbundle E’ with E @® E’ isomorphic to Bx R. Oo 


Tensor Products 


In addition to direct sum, a number of other algebraic constructions with vec- 
tor spaces can be extended to vector bundles. One which is particularly important 
for K-theory is tensor product. For vector bundles p,;:E,—B and p»:E,—B, let 
E, @E,, as a set, be the disjoint union of the vector spaces pi! (x) ® pz! (x) for 
x € B. The topology on this set is defined in the following way. Choose isomor- 
phisms h;:p;'(U)—UxR" for each open set U cC B over which F; and E, are 
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trivial. Then a topology Jy on the set p;'(U)®p5'(U) is defined by letting the 
fiberwise tensor product map h, @h,:p;'(U) 8 p3! (U)— Ux (R! ®R™) be a home- 
omorphism. The topology Jy is independent of the choice of the h;’s since any 
other choices are obtained by composing with isomorphisms of Ux R”! of the form 
(x, v) ++ (x, gi(x)(v)) for continuous maps g;:U—GL,,(R), hence h; eh, changes 
by composing with analogous isomorphisms of U x (R™ 8 R?) whose second coordi- 
nates gı ®g» are continuous maps U—>GL,,,,,,(R), since the entries of the matrices 
9,(X) ®g>(x) are the products of the entries of g,(x) and g(x). When we replace 
U by an open subset V, the topology on p;'(V)®p5'(V) induced by Ty is the same 
as the topology Jy since local trivializations over U restrict to local trivializations 
over V. Hence we get a well-defined topology on E; 8E, making it a vector bundle 
over B. 


There is another way to look at this construction that takes as its point of depar- 
ture a general method for constructing vector bundles we have not mentioned previ- 
ously. If we are given a vector bundle py: E—B and an open cover {Ux} of B with lo- 
cal trivializations hę: p` (Ux) ~U, x R”, then we can reconstruct E as the quotient 
space of the disjoint union [[,(U, xR") obtained by identifying (x,v) € U, xR" 
with hgh (x, v) € UgxXR" whenever x € Uw N Ug. The functions hgh,’ can 
be viewed as maps ggy:Uy N Ug—>GL,(R). These satisfy the ‘cocycle condition’ 
FypIpa = Jya ON Ux N Ug Uy. Any collection of ‘gluing functions’ gg, satisfying 
this condition can be used to construct a vector bundle E—B. 


In the case of tensor products, suppose we have two vector bundles E; —>B and 
E,—B. We can choose an open cover {U,} with both FE, and E, trivial over each Ux, 
and so obtain gluing functions Iha :Ux N Ug —> GLa; (R) for each E;. Then the gluing 
functions for the bundle E, 8E, are the tensor product functions gp. ® 9. assigning 
to each x € Uy N Ug the tensor product of the two matrices Ikbal xX) and Ißal(X). 


It is routine to verify that the tensor product operation for vector bundles over a 
fixed base space is commutative, associative, and has an identity element, the trivial 
line bundle. It is also distributive with respect to direct sum. 


If we restrict attention to line bundles, then the set Vect! (B) of isomorphism 
classes of one-dimensional vector bundles over B is an abelian group with respect 
to the tensor product operation. The inverse of a line bundle E—B is obtained by 
replacing its gluing matrices gg.(x) E GL, (R) with their inverses. The cocycle con- 
dition is preserved since 1x1 matrices commute. If we give E an inner product, we 
may rescale local trivializations h, to be isometries, taking vectors in fibers of E to 
vectors in R! of the same length. Then all the values of the gluing functions Iga are 
+1, being isometries of R. The gluing functions for E@E are the squares of these 
Gp S, hence are identically 1, so E&E is the trivial line bundle. Thus each element of 
Vect! (B) is its own inverse. As we shall see in §3.1, the group Vect! (B) is isomorphic 
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to a standard object in algebraic topology, the cohomology group H!(B; Z>) when B 
is homotopy equivalent to a CW complex. 

These tensor product constructions work equally well for complex vector bundles. 
Tensor product again makes the complex analog Vect¢ (B) of Vect! (B) into an abelian 
group, but after rescaling the gluing functions gg, for a complex line bundle E, the 
values are complex numbers of norm 1, not necessarily +1, so we cannot expect E 8 E 
to be trivial. In §3.1 we will show that the group Vect¢ (B) is isomorphic to H*(B;Z) 
when B is homotopy equivalent to a CW complex. 

We may as well mention here another general construction for complex vector 
bundles E— B, the notion of the conjugate bundle EB. As a topological space, E 
is the same as E, but the vector space structure in the fibers is modified by redefining 
scalar multiplication by the rule A(v) = Av where the right side of this equation 
means scalar multiplication in E and the left side means scalar multiplication in E. 
This implies that local trivializations for E are obtained from local trivializations for 
E by composing with the coordinatewise conjugation map C” — C” in each fiber. The 
effect on the gluing maps gg, is to replace them by their complex conjugates as 
well. Specializing to line bundles, we then have E®E isomorphic to the trivial line 
bundle since its gluing maps have values zz = 1 for z a unit complex number. Thus 
conjugate bundles provide inverses in Vectė (B). 


Besides tensor product of vector bundles, another construction useful in K-theory 
is the exterior power AK(E) of a vector bundle E. Recall from linear algebra that 
the exterior power AK(V) of a vector space V is the quotient of the k-fold tensor 
product V 8 --- ®V by the subspace generated by vectors of the form v] 8 --- 8v — 
Sgn(O)Ug(1) 8 +++ 8Vo) Where o is a permutation of the subscripts and sgn(a) = 
+1 is its sign, +1 for an even permutation and —1 for an odd permutation. If V has 
dimension n then A*(V) has dimension G) . Now to define A*(E) for a vector bundle 
p:E—B the procedure follows closely what we did for tensor product. We first form 
the disjoint union of the exterior powers AK(p7! (x)) of all the fibers p~!(x), then we 
define a topology on this set via local trivializations. The key fact about tensor product 
which we needed before was that the tensor product o ə w of linear transformations 
q@ and w depends continuously on @ and y. For exterior powers the analogous fact 
is that a linear map g : R” — R” induces a linear map AK(q) : A(R") > A*(R”) which 
depends continuously on @. This holds since AK(q) is a quotient map of the k-fold 
tensor product of @ with itself. 


Associated Fiber Bundles 


If we modify the definition of a vector bundle by dropping all references to vector 
spaces and replace the model fiber R” by an arbitrary space F , then we have the more 
general notion of a fiber bundle with fiber F. This is a map p:E—B such that there 
is a cover of B by open sets U, for each of which there exists a homeomorphism 
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hyip (Uy) ~U,XF taking p-'(b) to {b}xF for each b € U,. We will describe 
now several different ways of constructing fiber bundles from vector bundles. 

Having an inner product on a vector bundle E, lengths of vectors are defined, and 
we can consider the subspace S(E) consisting of the unit spheres in all the fibers. The 
natural projection S(E) — B is a fiber bundle with sphere fibers since we have observed 
that local trivializations for E can be chosen to be isometries in each fiber, so these 
local trivializations restrict to local trivializations for S(E). Similarly there is a disk 
bundle D(E) —B with fibers the disks of vectors of length less than or equal to 1. Itis 
possible to describe S(E£) without reference to an inner product, as the quotient of the 
complement of the zero section in E obtained by identifying each nonzero vector with 
all positive scalar multiples of itself. It follows that D(E) can also be defined without 
invoking a metric, namely as the mapping cylinder of the projection S(E)—>B. This 
is the quotient space of S(E) x [0,1] obtained by identifying two points in S(E) x {0} 
if they have the same image in B. 

The canonical line bundle E— RP” has as its unit sphere bundle S(E) the space 
of unit vectors in lines through the origin in R"*'. Since each unit vector uniquely 
determines the line containing it, S(E) is the same as the space of unit vectors in 
Rett de os, 


Here are some more examples. 


(1) Associated to a vector bundle E — B is the projective bundle P(E) —B, where P(E) 
is the space of all lines through the origin in all the fibers of E. We topologize P(E) as 
the quotient of the sphere bundle S(E) obtained by factoring out scalar multiplication 
in each fiber. Over a neighborhood U in B where E is a product U x R”, this quotient 
is UxRP”!, so P(E) is a fiber bundle over B with fiber RP”~!, with respect to the 
projection P(E)—B which sends each line in the fiber of E over a point b € B to b. 


(2) For an n-dimensional vector bundle E—B, the associated flag bundle F(E)—B 
has total space F(E) the subspace of the n-fold product of P(E) with itself consisting 
of n-tuples of orthogonal lines in fibers of E. The fiber of F(E) is thus the flag 
manifold F(R") consisting of n-tuples of orthogonal lines through the origin in R”. 
Local triviality follows as in the preceding example. More generally, for any k < n one 
could take k-tuples of orthogonal lines in fibers of E and get a bundle F,(E)—B. 


(3) As a refinement of the last example, one could form the Stiefel bundle V,(E)—B, 
where points of V; (E) are k-tuples of orthogonal unit vectors in fibers of E, so Vg (E) 
is a subspace of the product of k copies of S(E). The fiber of V,(E) is the Stiefel 
manifold V;,(R") of orthonormal k-frames in R”. 


(4) Generalizing P(E), there is the Grassmann bundle G,(E)—B of k-dimensional 
linear subspaces of fibers of E. This is the quotient space of V,(E) obtained by 
identifying two k-frames in a fiber if they span the same subspace of the fiber. The 


Basic Definitions and Constructions Section 1.1 17 


fiber of G,(E) is the Grassmann manifold G(R”) of k-planes through the origin in 
R”. 


Exercises 
1. Show that a vector bundle E—X has k independent sections iff it has a trivial 
k-dimensional subbundle. 


2. For a vector bundle E— X with a subbundle E’ c E, construct a quotient vector 
bundle E/E >X. 


3. Show that the orthogonal complement of a subbundle is independent of the choice 
of inner product, up to isomorphism. 
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1.2 Classifying Vector Bundles 


As was Stated in the Introduction, it is usually a difficult problem to classify all 
the different vector bundles over a given base space. The goal of this section will be to 
rephrase the problem in terms of a standard concept of algebraic topology, the idea 
of homotopy classes of maps. This will allow the problem to be solved directly in a 
few very simple cases. Using machinery of algebraic topology, other more difficult 
cases can be handled as well, as is explained in §??. The reformulation in terms of 
homotopy also offers some conceptual enlightenment about the structure of vector 
bundles. 

For the reader who is unfamiliar with the notion of homotopy we give the basic 
definitions in the Glossary [not yet written], and more details can be found in the 
introductory chapter of the author’s book Algebraic Topology. 


Pullback Bundles 


We will denote the set of isomorphism classes of n-dimensional real vector bun- 
dles over B by Vect"(B). The complex analogue, when we need it, will be denoted 
by Vect¢(B). Our first task is to show how a map f:A—B gives rise to a function 
f* :Vect(B) — Vect(A), in the reverse direction. 


Proposition 1.5. Given a map f:A—B and a vector bundle p:E—B, then there 
exists a vector bundle p’:E'— A with a map f':E'’—E taking the fiber of E’ over 
each point a € A isomorphically onto the fiber of E over f(a), and such a vector 
bundle E’ is unique up to isomorphism. 


From the uniqueness statement it follows that the isomorphism type of E’ de- 
pends only on the isomorphism type of E since we can compose the map f’ with 
an isomorphism of E with another vector bundle over B. Thus we have a function 
f* :Vect(B) > Vect(A) taking the isomorphism class of E to the isomorphism class 
of E’. Often the vector bundle E’ is written as f*(E) and called the bundle induced 
by f, or the pullback of E by f. 


Proof: First we construct an explicit pullback by setting E’ = { (a,v) € AXE | f(a) = 
p(v)}. This subspace of AXE fits into the diagram at the right where p'(a,v) =a 
and f’(a,v) = v. Notice that the two compositions fp’ and pf’ 
from E’ to B are equal since they both send a pair (a, v) to the point 
f(a) = p(v). The formula fp’ = pf’ looks a bit like a commutativ- |p’ f [r 


A —— 


ELF 


ity relation, which may explain why the word commutative is used to 
describe a diagram like this one in which any two compositions of maps starting and 
ending at the same places in the diagram are equal. 

If we let T; denote the graph of f, all points (a, f(a)) in AxB, then p’ factors 
as the composition E’ >IT, A, (a,v)  (a,p(v)) = (a, f(a)) ~ a. The first of 
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these two maps is the restriction of the vector bundle 1xp:AxE—AxXB over the 
graph I, so it is a vector bundle, and the second map is a homeomorphism, so their 
composition p’:E’— A is a vector bundle. The map f’ obviously takes the fiber EF’ 
over a isomorphically onto the fiber of E over f(a). 

For the uniqueness statement, we can construct an isomorphism from an arbitrary 
E’ satisfying the conditions in the proposition to the particular one just constructed by 
sending v’ € E’ tothe pair (p'(v’), f’(v’)). This map obviously takes each fiber of E’ 
to the corresponding fiber of f*(E) by a vector space isomorphism, so by Lemma 1.1 
it is an isomorphism of vector bundles. o 


One can be more explicit about local trivializations in the pullback bundle f* (E) 
constructed above. If E is trivial over a subspace U c B then f*(E) is trivial over 
f 1(U) since linearly independent sections s; of E over U give rise to independent 
sections a > (a,s;(f(a))) of f*(E) over f! (U). In particular, the pullback of a 
trivial bundle is a trivial bundle. This can also be seen directly from the definition, 
which in the case E = Bx R” just says that f*(E) consists of the triples (a,b,v) in 
AXBxR" with b = f(a), so b is redundant and we have just the product Ax R”. 

Now let us give some examples of pullbacks. 


(1) The restriction of a vector bundle p :E— B over a subspace A C B can be viewed 
as a pullback with respect to the inclusion map A B since the inclusion p (A) CE 
is certainly an isomorphism on each fiber. 


(2) Another very special case is when the map f is a constant map, having image a 
single point b € B. Then f*(E) is just the product Ax p !(b), a trivial bundle. 


(3) The tangent bundle TS” is the pullback of the tangent bundle TRP” via the quo- 
tient map S”— RP”. Indeed, TRP” was defined as a quotient space of TS” and the 
quotient map takes fibers isomorphically to fibers. 


(4) An interesting example which is small enough to be visualized completely is the 
pullback of the Mobius bundle E—S! by the two-to-one map f:S!—S! given by 
f(z) = z? in complex notation. One can regard the Mobius bundle as the quotient 
of S'xR under the identifications (z,t) ~ (—z,—t), and the quotient map for this 
identification is the map f” exhibiting the annulus S! x R as the pullback of the Möbius 
bundle. More concretely, the pullback bundle can be thought of as a coat of paint 
applied to ‘both sides’ of the Möbius bundle, and the map f’ sends each molecule 
of paint to the point of the Mobius band to which it adheres. Since E has one half- 
twist, the pullback has two half-twists, hence is the trivial bundle. More generally, if 
E,, is the pullback of the Möbius bundle by the map z + z”, then E, is the trivial 
bundle for n even and the Möbius bundle for n odd. This can be seen by viewing 
the Mobius bundle as the quotient of a strip [0,1] R obtained by identifying the 
two edges {0}xR and {1}xR by a reflection of R, and then the bundle E, can be 
constructed from n such strips by identifying the right edge of the i strip to the 
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left edge of the i + 1* strip by a reflection, the number i being taken modulo n so 
that the last strip is glued back to the first. 


(5) At the end of the previous section we defined the flag bundle F(E) associated to 
an n-dimensional vector bundle E— B to be the space of orthogonal direct sum de- 
compositions of fibers of E into lines. The vectors in the it” line form a line bundle 
L;— F(E), and the direct sum L} © --- @L,, is nothing but the pullback of E with re- 
spect to the projection F(E)—B since a point in the pullback Z,- @L, — E 


consists of an n-tuple of lines f,; 1 --- 1 £, ina fiber of E | | 
together with a vector v in this fiber, and v can be expressed F(E) ———~B 
uniquely as a sum v = Vv, +---+U, with v; € ți. This construction for pulling 


an arbitrary bundle back to a sum of line bundles is a key ingredient in the so-called 
‘splitting principle’ which is important in §2.3 and §3.1. 


Here are some elementary properties of pullbacks: 
(i) (fg)*(E) = g*(f*(E)). 

(ii) 1*(E) >E. 
(iti) f*(E, 8E) = f“ (E1) ® f“ (ED). 
(iv) TAEI 8E») = f(E) 8 f *(E>) . 
The proofs are easy applications of the preceding proposition. In each case one just 
checks that the bundle on the right satisfies the characteristic property of a pullback. 
For example in (iv) there is a natural map from f*(E,)®@f*(E,) to E} 8E, that is an 
isomorphism on each fiber, so f* (E1) 8 f* (E>) satisfies the condition for being the 
pullback f*(E, @E>). 

Now we come to the main technical result about pullbacks: 


Theorem 1.6. Given a vector bundle p:E—B and homotopic maps fo, f;: AB, 
then the induced bundles fğ (E) and f;(E) are isomorphic if A is compact Hausdorff 
or more generally paracompact. 


Proof: Let F: AxI—B be a homotopy from fo to fı. The restrictions of F*(E) over 
Ax {0} and Ax {1} are then fọ (E) and f;‘(E). So the theorem will be an immediate 
consequence of the following result: 


| Proposition 1.7. The restrictions of a vector bundle E—XxI over Xx {0} and 
Xx {1} are isomorphic if X is paracompact. 


Proof: We need two preliminary facts: 


(1) A vector bundle p:E— xX x[a,b] is trivial if its restrictions over X x[a,c] and 
Xx[c,b] are both trivial for some c € (a,b). To see this, let these restrictions 
be E, = p '(Xx[a,c]) and E, = p '(Xx[c,b]), and let h; :E;—>Xx[a,c]x R” 
and h,:E,— X x[c,b]x R” be isomorphisms. These isomorphisms may not agree on 
p(x x {c}), but they can be made to agree by replacing h, by its composition with 
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the isomorphism X x [c, b] x R” — X x [c, b] x R” which on each slice X x {x} x R” is 
given by h,h;!:Xx {c}xR"— Xx {c}xR". Once h, and h, agree on E; N Es, they 
define a trivialization of E. 

(2) For a vector bundle p:E—X xI, there exists an open cover {Ux} of X so that each 
restriction p-'(U,x1I)—>U, 1 is trivial. This is because for each x € X we can find 
open neighborhoods U,.;,---,U,., in X anda partition 0 = tọ < tı <---<t,=1 of 
[0,1] such that the bundle is trivial over U% ; x [t;_,, t;], using compactness of [0,1]. 
Then by (1) the bundle is trivial over U, xI where Uy = Ux.) +++ OU xp. 


Now we prove the proposition. By (2), we can choose an open cover {Ux} of X 
so that E is trivial over each UxXI. Let us first deal with the simpler case that X 
is compact Hausdorff. Then a finite number of U,’s cover X. Relabel these as U; 
for i = 1,2,---,m. As shown in Proposition 1.4 there is a corresponding partition 
of unity by functions qm, with the support of qm; contained in U;. For i = 0, let 
Wi =P, +--+++Q,;, soin particular wo = 0 and Yp = 1. Let X; be the graph of y,, 
the subspace of X xI consisting of points of the form (x, w;(x)), and let p;:E;—> X; 
be the restriction of the bundle E over X;. Since E is trivial over U; <I, the natural 
projection homeomorphism X;— X;_, lifts toa homeomorphism h; :E;—> E;_, which 
is the identity outside pT et ) and which takes each fiber of E; isomorphically 
onto the corresponding fiber of E;_,. Explicitly, on points in p`! (U;xXI) = U;xIx R” 
we let hi(x, Yi(x), v) = (x, Yi- (x), v). The composition h = h,h,---h,, is then 
an isomorphism from the restriction of E over X x {1} to the restriction over X x {0}. 

In the general case that X is only paracompact, Lemma 1.21 asserts that there is 
a countable cover {V;};., of X and a partition of unity {ọ;} with m; supported in 
V;, such that each V; is a disjoint union of open sets each contained in some Ug. This 
means that E is trivial over each V;xI. As before we let Y; = pı +--+ g; and let 
p;,:£,;—X; be the restriction of E over the graph of w;. Also as before we construct 
h;:E;—> E;_, using the fact that E is trivial over V;xI. The infinite composition h = 
h,h»---+ is then a well-defined isomorphism from the restriction of E over Xx {1} 
to the restriction over X x {0} since near each point x € X only finitely many ~,’s 
are nonzero, so there is a neighborhood of x in which all but finitely many h,’s are 
the identity. oO 


Corollary 1.8. A homotopy equivalence f:A—B of paracompact spaces induces a 
bijection f*:Vect"(B)—Vect"(A). In particular, every vector bundle over a con- 
tractible paracompact base is trivial. 


Proof: If g is a homotopy inverse of f then we have f*g* = 1* = 1 and g*f* = 
1*=1. 


We might remark that Theorem 1.6 holds for fiber bundles as well as vector bun- 
dles, with the same proof. 
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Clutching Functions 


Let us describe a way to construct vector bundles E— S* with base space a sphere. 
Write S* as the union of its upper and lower hemispheres Dk and D* , with DK nD = 
s*1_ Given a map f:S*"!—GL,(R), let Ey be the quotient of the disjoint union 
DX xR” H D‘ xR” obtained by identifying (x,v) € dD xR" with (x, f(x)(v)) € 
ƏD% xR". There is then a natural projection E pose and this is an n-dimensional 
vector bundle, as one can most easily see by taking an equivalent definition in which 
the two hemispheres of S* are enlarged slightly to open balls and the identification 
occurs over their intersection, a product S*~! x (—¢, £), with the map f used in each 
slice Sk-! x {t}. From this viewpoint the construction of Ep is a special case of the 
general construction of vector bundles by gluing together products, described earlier 
in the discussion of tensor products. 

The map f is called a clutching function for Ep, by analogy with the mechanical 
clutch which engages and disengages gears in machinery. The same construction 
works equally well with C in place of R, so froma map f :S‘"!— GL,,(C) one obtains 
a complex vector bundle E,—S K 


Example 1.9. Let us see how the tangent bundle TS* to S° can be described in 
these terms. Consider the vector field v, on DÊ obtained by choosing a tangent 
vector at the north pole and transporting this along each 


— 
meridian circle in such a way as to maintain a constant ARAN 
angle with the meridian. By reflecting across the plane 

of the equator we obtain a corresponding vector field v_ 

on D£. Rotating each vector v, and v_ by 90 degrees whs ee 
counterclockwise when viewed from outside the sphere, TN A 


we obtain vector fields w, and w_ on DÊ and D*. The 

vector fields v, and w, give trivializations of TS* over 

D2, allowing us to identify these two halves of TS? with D2 x R*. We can then recon- 
struct TS* as a quotient of the disjoint union of D? x R° and D? x R° by identifying 
along S'xR* using the clutching function f which reads off the coordinates of the 
v_,w_ vectors in the v,,w, coordinate system, since the definition of a clutching 
function was that it identifies (x, v) € dD x R” with (x, f(x)(v)) € aDK xR". Thus 
f rotates (v,,w,) to (v_,w_). As we go around the equator St in the counter- 
clockwise direction when viewed from above, starting from a point where the two 
trivializations agree, the angle of rotation increases from 0 to 4r. If we parametrize 
S! by the angle 0 from the starting point, then f(@) is rotation by 20. 


Example 1.10. Let us find a clutching function for the canonical complex line bundle 
over CP! = S*. The space CP! is the quotient of C? — {0} under the equivalence 
relation (Zg,Z,) ~ A(Zp,Z,) for A € C — {0}. Denote the equivalence class of (Zp, Z1) 
by [Zo,Z,]. We can also write points of CP! as ratios z = Zọ/Z} € CU {œ} = S*. If 
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we do this, then points in the disk Dé inside the unit circle St c C can be expressed 
uniquely in the form [Z)/z,,1] = [z,1] with |z| < 1, and points in the disk DÊ 
outside S! can be written uniquely in the form [1,z,/Z )] = [1,z7}] with |z™}] < 1. 
Over D a section of the canonical line bundle is given by [z,1] +> (z,1) and over 
D2, a section is [1,z~'] + (1,z~!). These sections determine trivializations of the 
canonical line bundle over these two disks, and over their common boundary St we 
pass from the DŻ, trivialization to the D; trivialization by multiplying by z. Thus if 
we take D2, as Df and D as D? then the canonical line bundle has the clutching 
function f:S'—GL,(C) defined by f(z) = (z). If we had taken DÊ to be Dé rather 
than DŻ, then the clutching function would have been f(z) = (z~*). 


A basic property of the construction of bundles E,—S K via clutching functions 
foe —GL,(R) is that Er ~ E, if f and g are homotopic. For if we have a homo- 
topy F: Cele GL,,(R) from f to g, then the same sort of clutching construction 
can be used to produce a vector bundle Ep — S¥xI that restricts to Ey over Skx {0} 
and E, over S*x {1}. Hence E y and E, are isomorphic by Proposition 1.7. Thus if 
we denote by [X,Y ] the set of homotopy classes of maps X — Y, then the association 
f ++ Ep gives a well-defined map ©: [Sk GL,,(R)] — Vect”(S*). 

There is a similarly-defined map ® for complex vector bundles. This turns out to 
have slightly better behavior than in the real case, so we will prove the following basic 
result about the complex form of ® before dealing with the real case. 


Proof: We construct an inverse ¥ to ®. Given an n-dimensional vector bundle 
p:E—SK*, its restrictions E, and E_ over DK and DX are trivial since DE and D* 


Proposition 1.11. The map ®: (se GL, (C)] — Vect? (S%) which sends a clutching 
function f to the vector bundle E is a bijection. 


are contractible. Choose trivializations h, :E, —D¥% xC”. Then h, hZ! defines a map 
SGT (C); whose homotopy class is by definition ¥(E) € [S*? Gr 16) |: To 
see that Y(E) is well-defined, note first that any two choices of h, differ by a map 
Dk GL, (C). Since DĚ is contractible, such a map is homotopic to a constant map 
by composing with a contraction of DE: Now we need the fact that GL, (C) is path- 
connected. The elementary row operation of modifying a matrix in GL,,(C) by adding 
a scalar multiple of one row to another row can be realized by a path in GL,,(C), just 
by inserting a factor of t in front of the scalar multiple and letting t go from 0 to 1. 
By such operations any matrix in GL,,(C) can be diagonalized. The set of diagonal 
matrices in GL,,(C) is path-connected since it is homeomorphic to the product of n 
copies of C — {0}. 

From this we conclude that h, and h_ are unique up to homotopy. Hence the 
composition h „h! ght GL,,(C) is also unique up to homotopy, which means that 
Y is a well-defined map Vect?}(S*)—>[S*!,GL,,(C)]. It is clear that ¥ and ® are 
inverses of each other. o 
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Example 1.12. Every complex vector bundle over S! is trivial, since by the proposi- 
tion this is equivalent to saying that [S°, GL,,(C)] has a single element, or in other 
words that GL,,(C) is path-connected, which is the case as we saw in the proof of the 
proposition. 


Example 1.13. Let us show that the canonical line bundle H— CP! satisfies the rela- 
tion (H®H)@®1~ H@H where 1 is the trivial one-dimensional bundle. This can be 
seen by looking at the clutching functions for these two bundles, which are the maps 
S!—GL,(C) given by 


z= (4 4 and 2 (5 ) 

0 1 0 z 

More generally, let us show the formula Ey, @n ~ Esp ®E; for n-dimensional vec- 
tor bundles Ey and E, over S* with clutching functions f,g:S*~! —GL,,(C), where 
fg is the clutching function obtained by pointwise matrix multiplication, fg(x) = 
ff (x)g(x). 

The bundle Ep ®E, has clutching function the map feg:S koly GL>,(C) having 
the matrices f(x) in the upper left nxn block and the matrices g(x) in the lower 
right nxn block, the other two blocks being zero. Since GL,,,(C) is path-connected, 
there is a path «, E€ GL»,(C) from the identity matrix to the matrix of the trans- 
formation which interchanges the two factors of C” x C”. Then the matrix product 
(f 1)a,(1 © g)a, gives a homotopy from f ® g to fg @ 1, which is the clutching 
function for Er, ®n. 


The preceding analysis does not quite work for real vector bundles since GL,,(R) 
is not path-connected. We can see that there are at least two path-components since 
the determinant function is a continuous surjection GL,(R)—R — {0} to a space 
with two path-components. In fact GL,,(R) has exactly two path-components, as 
we will now show. Just as in the complex case we can construct a path from an 
arbitrary matrix in GL,,(R) to a diagonal matrix. Then by a path of diagonal matrices 
we can make all the diagonal entries +1 or —1. Two —1’s represent a 180 degree 
rotation of a plane so they can be replaced by +1’s via a path in GL,,(R). This shows 
that the subgroup GL;\(R) consisting of matrices of positive determinant is path- 
connected. This subgroup has index 2, and GL,,(R) is the disjoint union of the two 
cosets GL} (R) and «GL; (R) for « a fixed matrix of determinant —1. The two cosets 
are homeomorphic since the map $ + af is a homeomorphism of GL,,(R) with 
inverse the map B > « !B. Thus both cosets are path-connected and so GL,,(R) has 
two path-components. 

The closest analogy with the complex case is obtained by considering oriented 
real vector bundles. Recall from linear algebra that an orientation of a real vector 
space is an equivalence class of ordered bases, two ordered bases being equivalent 
if the invertible matrix taking the first basis to the second has positive determinant. 
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An orientation of a real vector bundle p:E—B is a function assigning an orientation 
to each fiber in such a way that near each point of B there is a local trivialization 
h:p~'(U) ~UxR" carrying the orientations of fibers in p~'(U) to the standard ori- 
entation of R” in the fibers of Ux R”. Another way of stating this condition would 
be to say that the orientations of fibers of E can be defined by ordered n-tuples of 
independent local sections. Not all vector bundles can be given an orientation. For 
example the Mobius bundle is not orientable. This is because an oriented line bundle 
over a paracompact base is always trivial since it has a canonical section formed by 
the unit vectors having positive orientation. 

Let Vect? (B) denote the set of isomorphism classes of oriented n-dimensional 
real vector bundles over B, where isomorphisms are required to preserve orientations. 
The clutching construction defines a map ®:[S*~!, GL} (R)] — Vect”(S*), and since 
GL; (R) is path-connected, the argument from the complex case shows: 


| Proposition 1.14. The map 9: [S%7}, GL} (R)] — Vect” (S*) is a bijection. 


To analyze Vect”(S*) let us introduce an ad hoc hybrid object Vect (S%), the 
n-dimensional vector bundles over S* with an orientation specified in the fiber over 
one point x9 € s*-1 | with the equivalence relation of isomorphism preserving the 
orientation of the fiber over x). We can choose the trivializations h, over DĚ to 
carry this orientation to a standard orientation of R”, and then h, is unique up to 
homotopy as before, so we obtain a bijection of Vect (S K) with the homotopy classes 
of maps S*-'—GL,,(R) taking x, to GL} (R). 

The map Vect? (S*)  Vect"(S*) that forgets the orientation over x, is a sur- 
jection that is two-to-one except on vector bundles that have an automorphism (an 
isomorphism from the bundle to itself) reversing the orientation of the fiber over Xo, 
where it is one-to-one. 

When k = 1 there are just two homotopy classes of maps S°+GL,(R) taking 
Xo to GL}(R), represented by maps taking x, to the identity and the other point 
of S° to either the identity or a reflection. The corresponding bundles are the trivial 
bundle and, when n = 1, the Möbius bundle, or the direct sum of the Möbius bundle 
with a trivial bundle when n > 1. These bundles all have automorphisms reversing 
orientations of fibers. We conclude that Vect” (S1) has exactly two elements for each 
n > 1. The nontrivial bundle is nonorientable since an orientable bundle over S! is 
trivial, any two clutching functions S$? > GL*(R) being homotopic. 

When k > 1 the sphere S*~! is path-connected, so maps S*-!—GL,,(R)_ tak- 
ing x, to GL*(R) take all of S*"' to GL*(R). This implies that the natural map 
Vect” (S*) > Vecti!(S*) is a bijection. Thus every vector bundle over S* is orientable 
and has exactly two different orientations, determined by an orientation in one fiber. It 
follows that the map Vect? (S k)_,vect"(S*) is surjective and at most two-to-one. It is 
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one-to-one on bundles having an orientation-reversing automorphism, and two-to-one 
otherwise. 


Inside GL,,(R) is the orthogonal group O(n), the subgroup consisting of isome- 
tries, or in matrix terms, the nxn matrices A with AA! = 1, that is, matrices whose 
columns form an orthonormal basis. The Gram-Schmidt orthogonalization process 
provides a deformation retraction of GL,,(R) onto the subspace O(n). Each step of 
the process is either normalizing the i vector of a basis to have length 1 or sub- 
tracting a linear combination of the preceding vectors from the it” vector in order to 
make it orthogonal to them. Both operations are realizable by a homotopy. This is 
obvious for rescaling, and for the second operation one can just insert a scalar factor 
of t in front of the linear combination of vectors being subtracted and let t go from 0 
to 1. The explicit algebraic formulas show that both operations depend continuously 
on the initial basis and have no effect on an orthonormal basis. Hence the sequence 
of operations provides a deformation retraction of GL,(R) onto O(n). Restricting 
to the component GL; (R), we have a deformation retraction of this component onto 
the special orthogonal group SO(n), the orthogonal matrices of determinant +1. 
This is the path-component of O(n) containing the identity matrix since deformation 
retractions preserve path-components. The other component consists of orthogonal 
matrices of determinant —1. 


In the complex case the same argument applied to GL,,(C) gives a deformation 
retraction onto the unitary group U(n), the nxn matrices over C whose columns 
form an orthonormal basis using the standard Hermitian inner product. 


Composing maps s*-1_.$0(n) with the inclusion SO(n) > GL} (R) gives a 
function [S*~!, sO(n)]—[S*"!, GL*(R)]. This is a bijection since the deformation 
retraction of GL} (R) onto SO(n) gives a homotopy of any map get —GL;(R) to 
a map into SO(n), and if two such maps to SO(n) are homotopic in GL} (R) then 
they are homotopic in SO(n) by composing each stage of the homotopy with the 
retraction GL} (R)—SO(n) produced by the deformation retraction. 


The advantage of SO(n) over GL} (R) is that it is considerably smaller. For 
example, SO(2) is just a circle, since orientation-preserving isometries of R? are 
rotations, determined by the angle of rotation, a point in St. Taking k = 2 as well, 
we have for each integer m € Z the map f,,:S'—S', zz", which is the clutching 
function for an oriented 2-dimensional vector bundle E,,, >S*. We encountered E, in 
Example 1.9 as TS*, and E 1 is the real vector bundle underlying the canonical complex 
line bundle over CP! = S*, as we saw in Example 1.10. It is a fact proved in every 
introductory algebraic topology course that an arbitrary map f : s5'= S! is homotopic 
to one of the maps z+ z” for some m uniquely determined by f, called the degree 
of f. Thus via the bundles E,, we have a bijection Vect (S°) ~ Z. Reversing the 
orientation of E,,, changes it to E_,,, so elements of Vect? (S?) correspond bijectively 
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with integers m > 0, via the bundles E,,,. Since U(1) is also homeomorphic to S' ,we 
obtain a similar bijection Vect (S°) = Z. 

Another fact proved near the beginning of algebraic topology is that any two maps 
s*1_.5! are homotopic if k > 2. (Such a map lifts to the covering space R of S D 
and R is contractible.) Hence every 2-dimensional vector bundle over S* is trivial 
when k > 2, as is any complex line bundle over S k for k> 2. 

It is a fact that any two maps S*—SO(n) or S?—U(n) are homotopic, so all 
vector bundles over S? are trivial. This is not too hard to show using a little basic 
machinery of algebraic topology, as we show in §??, where we also compute how many 
homotopy classes of maps S$? SO(n) and S*—>U(n) there are. 

For any space X the set [X,SO(n)] has a natural group structure coming from 
the group structure in SO(n). Namely, the product of two maps f,g:X—SO(n) is 
the map x > f(x)g(x). Similarly [X,U(n)] is a group. For example the bijection 
[S',SO(2)] = Z is a group isomorphism since for maps S'—S!, the product of 
z= Zz” and ze z” is ze zz", and zz" =2”"". 

The groups [SÍ SO(n)] and [S',U(n)] are isomorphic to the homotopy groups 
™ SO(n) and 7r,U(n), special cases of the homotopy groups 7r,X defined for all 
spaces X and central to algebraic topology. To define 7,;X requires choosing a base- 
point x, € X, and then 77;X is the set of homotopy classes of maps sto Xx taking a 
chosen basepoint sọ € SÍ to xo, where homotopies are also required to take sy to Xo 
at all times. This basepoint data is needed in order to define a group structure in 77;X 
when i > 0. (When i = 0 there is no natural group structure in general.) However, the 
group structure on TX turns out to be independent of the choice of x) when X is 
path-connected. Taking X = SO(n), there is an evident map 71,SO(n) > [SÍ SO(n)] 
obtained by ignoring basepoint data. To see that this is surjective, suppose we are 
given a map f:S' SO(n). Since SO(n) is path-connected, there is a path a, in 
SO(n) from the identity matrix to f (sọ), and then the matrix product a;'f defines 
a homotopy from f toa map S'—SO(n) taking Sq to the identity matrix, which we 
choose as the basepoint of SO(n). For injectivity of the map 11;SO(n) > [St SO(n)] 
suppose that fọ and fı are two maps 5'—SO(n) taking Sq to the identity matrix, 
and suppose f, is a homotopy from fp to fı that may not take basepoint to base- 
point at all times. Then [f;,(so)]"'f; is anew homotopy from f to f, that does take 
basepoint to basepoint for all t. The same argument also applies for U(n). 


Note to the reader: The rest of this chapter will not be needed until Chapter 3. 


The Universal Bundle 


We will show that there is a special n-dimensional vector bundle E,, —> G, with the 
property that all n-dimensional bundles over paracompact base spaces are obtainable 
as pullbacks of this single bundle. When n = 1 this bundle will be just the canonical 
line bundle over RP”, defined earlier. The generalization to n > 1 will consist in 


28 Chapter 1 Vector Bundles 


replacing RP™, the space of 1-dimensional vector subspaces of R” , by the space of 
n-dimensional vector subspaces of R”. 

First we define the Grassmann manifold G,, (RK) for nonnegative integers n < k. 
As a Set this is the collection of all n-dimensional vector subspaces of RÝ, that is, 
n-dimensional planes in R* passing through the origin. To define a topology on 
G,,(R*) we first define the Stiefel manifold V,,(R*) to be the space of orthonormal 
n-frames in R*, in other words, n-tuples of orthonormal vectors in R*. This is a 
subspace of the product of n copies of the unit sphere ghey namely, the subspace 
of orthogonal n-tuples. It is a closed subspace since orthogonality of two vectors can 
be expressed by an algebraic equation. Hence V,, (R*) is compact since the product 
of spheres is compact. There is a natural surjection V,,(R*)—G,,(R*) sending an 
n-frame to the subspace it spans, and G,, ( RÝ) is topologized by giving it the quotient 
topology with respect to this surjection. So G,, (RX) is compact as well. Later in this 
section we will construct a finite CW complex structure on G,, (RK) and in the process 
show that it is Hausdorff and a manifold of dimension n(k — n). 

The inclusions R* c R**! c ..- give inclusions G,,(R*) c G,,(R**!) c «++, and 
we let G„,(R®) = Ug G, (RY). This is the set of all n-dimensional vector subspaces of 
the vector space R” since if we choose a basis for a finite-dimensional subspace of 
R®, each basis vector will lie in some R*, hence there will be an R* containing all the 
basis vectors and therefore the whole subspace. We give G(R”) the weak or direct 
limit topology, so a set in G,,(R®) is open iff it intersects each G,,(R*) in an open set. 

There are canonical n-dimensional vector bundles over G,,(R*) and G,(R™). 
Define E, (RX) = {@, v) € G,(R*)xR* | v € £}. The inclusions Rk c R*+! c~.. 
give inclusions E,,(R*) c E,(R**!) c --- and we set E„(R®) = Ug E„ (RÝ), again with 
the weak or direct limit topology. 


| Lemma 1.15. The projection p :E,(R¥)—>G,(R*®), p(l,v) = £, is a vector bundle., 
both for finite and infinite k. 


Proof: First suppose k is finite. For £ € G„ (RY) , let Tp: R*— £ be orthogonal projec- 
tion and let Up = {£’ € G, (RY) |mp(£’) has dimension n }. In particular, £ € Up. We 
will show that Up is open in G (RE) and that the map h: p~'(Up) > Upx# = Upx R” 
defined by h’, v) = (€',1p(v)) is a local trivialization of E,,(R*). 

For Up to be open is equivalent to its preimage in V,, (RK) being open. This 
preimage consists of orthonormal frames v,,---,v,, such that Trel(vi), =, Telva) 
are independent. Let A be the matrix of try with respect to the standard basis in the 
domain R* and any fixed basis in the range £. The condition on v,,---,v,, is then 
that the nxn matrix with columns Av,,---,Av,, has nonzero determinant. Since 
the value of this determinant is obviously a continuous function of v,,---,v,,, it 
follows that the frames v,,---,v,, yielding a nonzero determinant form an open set 
in V,,(R*). 
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It is clear that h is a bijection which is a linear isomorphism on each fiber. Fur- 
thermore h is continuous since its two coordinate functions are continuous. We need 
to check that h~! is continuous. For ¢’ € Up there is a unique invertible linear map 
Ly :Rk—R* restricting to tty on €’ and the identity on £+ = Ker rrp. We claim that 
Ly, regarded as a kxk matrix, depends continuously on ¢’. Namely, we can write 
Ly as a product AB! where: 


— B sends the standard basis to Vj,--+,U,;Uns1,°°°,U, With vj,---,V, an or- 
thonormal basis for ¢’ and v,,,),---,V, a fixed basis for £>. 
— A sends the standard basis to TTe(v1), ***,TelVn), Vngis* +5 Vk- 
Both A and B depend continuously on v,,---,v,,. Since matrix multiplication and 


matrix inversion are continuous operations (think of the ‘classical adjoint’ formula for 
the inverse of a matrix), it follows that the product Ly», = AB! depends continuously 
on V4, +, Un. But since Ly depends only on $’, not on the basis v,,---,v,, for £’, it 
follows that Lọ depends continuously on £” since GARS has the quotient topology 
from V,,(R*). We have h-!(¢’,w) = (€’,Lp(w)) with Lọ. depending continuously 
on £’ since matrix inversion is continuous, so h~! is continuous. 

This finishes the proof for finite k. When k = œ one takes Uy, to be the union of 
the U,’s for increasing k. The local trivializations h constructed above for finite k 
then fit together to give a local trivialization over this Up, continuity being automatic 
since we use the weak topology. o 


We will mainly be interested in the case k = œ now, and to simplify notation we 
will write G,, for G„,(R”) and E,, for E„,(R”). As earlier in this section, we use the 
notation [X,Y] for the set of homotopy classes of maps f:X—Y. 


‘Theorem 1.16. For paracompact X, the map [X, G,,]— Vect” (X), [f] => f*(E,); 
is a bijection. 


Thus, vector bundles over a fixed base space are classified by homotopy classes 
of maps into G,,. Because of this, G, is called the classifying space for n-dimensional 
vector bundles and E„— G, is called the universal bundle. 

As an example of how a vector bundle could be isomorphic to a pullback f*(E,,), 
consider the tangent bundle to S”. This is the vector bundle p :E— S” where E = 


Rr 


{(x,v) € S"xR™! | x 1 v}. Each fiber p~'(x) is a point in G,,( ), so we have 


a map S"—G,(R"*'), x + p ‘(x). Via the inclusion R"*' G R” we can view this 


as a map f :S”—G,(R”) =G,,, and E is exactly the pullback f*(E,). 
n n n 


Proof of 1.16: The key observation is the following: For an n-dimensional vector 
bundle p:E—X, an isomorphism E ~ f*(E,,) is equivalent to a map g:E—R®™ that 
is a linear injection on each fiber. To see this, suppose first that we have a map 
f :X—G,, and an isomorphism E ~ f*(E,,). Then we have a commutative diagram 
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n 


where 7r({,v) =v. The composition across the top row is a map g:E—R® that is 
a linear injection on each fiber, since both f and m have this property. Conversely, 
given a map g:E—R® that is a linear injection on each fiber, define f:X—G,, by 
letting f(x) be the n-plane g(p '(x)). This clearly yields a commutative diagram 
as above. 

To show surjectivity of the map [X,G,,] — Vect"(X), suppose p:E—X is an 
n-dimensional vector bundle. Let {U,} be an open cover of X such that E is trivial 
over each U,. By Lemma 1.21 in the Appendix to this chapter there is a countable 
open cover {U;} of X such that E is trivial over each U;, and there is a partition 
of unity {p;} with m; supported in U;. Let gi: p ‘(U;) >R” be the composition 
of a trivialization p~'(U;)—U, xR” with projection onto R”. The map (~,p)g;, 
v > —,(p(v))g;(v), extends to a map E—R" that is zero outside p '(U;). Near 
each point of X only finitely many @,’s are nonzero, and at least one g; is nonzero, 
so these extended (p;p)g;’s are the coordinates of a map g:E—(R")® = R” that is 
a linear injection on each fiber. 

For injectivity, if we have isomorphisms E =~ f>(E,) and E ~ fř(Eņ) for two 
maps fo, f;:X —G,,, then these give maps go, gı :E— R?” that are linear injections 
on fibers, as in the first paragraph of the proof. We claim gp) and gı are homotopic 
through maps g, that are linear injections on fibers. If this is so, then fp and fı will 
be homotopic via f,(x) = gi(p 7} (x)). 

The first step in constructing a homotopy g, is to compose gy, with the homotopy 
L,:R” >R” defined by L; (x1, X2, +) = (1—-t)(%1,%o,+ ++) +t(%,,0,X5,0,-+ +). For 
each t this is a linear map whose kernel is easily computed to be 0, so L; is injective. 
Composing the homotopy L; with gy moves the image of gy into the odd-numbered 
coordinates. Similarly we can homotope g, into the even-numbered coordinates. Still 
calling the new g’s gp and gj, let g; = (1 —t)g) + tg,. This is linear and injective 
on fibers for each t since gg and g; are linear and injective on fibers. o 


An explicit calculation of [X,G,,] is usually beyond the reach of what is possible 
technically, so this theorem is of limited usefulness in enumerating all the different 
vector bundles over a given base space. Its importance is due more to its theoretical 
implications. Among other things, it can reduce the proof of a general statement to 
the special case of the universal bundle. For example, it is easy to deduce that vector 
bundles over a paracompact base have inner products, since the bundle E,,—G,, has 
an obvious inner product obtained by restricting the standard inner product in R” 
to each n-plane, and this inner product on E„ induces an inner product on every 
pullback f*(E,,). 
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The preceding constructions and results hold equally well for vector bundles over 
C, with G,,(C*) the space of n-dimensional C-linear subspaces of Ck, and so on. In 
particular, the proof of Theorem 1.16 translates directly to complex vector bundles, 
showing that Vect¢(X) ~ L[X,G,,(C”)]. 

There is also a version of Theorem 1.16 for oriented vector bundles. Let G,, (RX) 
be the space of oriented n-planes in R*, the quotient space of V,, (RK) obtained by 
identifying two n-frames when they determine the same oriented subspace of RK. 
Forming the union over increasing k we then have the space G,(R®). The universal 
oriented bundle £,,(R®) over G,,(R™) consists of pairs (£, v) € G,(R®)XR® with 
v € £. In other words, E,,(R®) is the pullback of E,,(R™) via the natural projection 
G,,(R®)—>G,,(R®). Small modifications in the proof that Vect”(X) ~ [X,G,(R™)] 
show that Vect” (X) ~ LX,G,(R°)]. 

Both G,(R™) and G,,(R®) are path-connected since Vect”(X) and Vect? (X) 
have a single element when X is a point. The natural projection G,,(R”) >G,,(R®) 
obtained by ignoring orientations is two-to-one, and readers familiar with the no- 
tion of a covering space will have no trouble in recognizing that this two-to-one 
projection map is a covering space, using for example the local trivializations con- 
structed in Lemma 1.15. In fact G,,(R™) is the universal cover of G,,(R™) since it 
is simply-connected, because of the triviality of Vect” (S!) ~ [S}, G,,(R®)]. One can 
also observe that a vector bundle E ~ f*(E,,(R®)) is orientable iff its classifying map 
f:X—G,(R”) lifts to a map T XSG AR and in fact orientations of E corre- 
spond bijectively with lifts f. 


Cell Structures on Grassmannians 


Since Grassmann manifolds play a fundamental role in vector bundle theory, it 
would be good to have a better grasp on their topology. Here we show that G,,(R”) 
has the structure of a CW complex with each G, (RY) a finite subcomplex. We will also 
see that G,, ( RÝ) is a closed manifold of dimension n(k -n). Similar statements hold 
in the complex case as well, with G,,(C*) a closed manifold of dimension 2n(k - n). 

For a start let us show that G,,( R*) is Hausdorff, since we will need this fact later 
when we construct the CW structure. Given two n-planes £ and @’ in G,,(R*), it 
suffices to find a continuous map f :G,,(R*) > R taking different values on £ and £’. 
For a vector v € R“ let fo (£) be the length of the orthogonal projection of v onto £. 
This is a continuous function of £ since if we choose an orthonormal basis v4,- -, Vn 
for £ then f, (£) = (w - v4)? +--+ (v - vp)?) 7, which is certainly continuous in 
Vj, **-,V„ hence in £ since G,,(R*) has the quotient topology from V,,(R*). Now 
for an n-plane {’ + £ choose v € £ — €’, and then f,,(€) = |v| > fÆ). 

There is a nice description of the cells in the CW structure on G,,(R*) in terms 
of the familiar concept of echelon form for matrices. Recall that any nx k matrix A 
can be put into an echelon form by a finite sequence of elementary row operations 
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consisting either adding a multiple of one row to another, multiplying a row by a 
nonzero scalar, or permuting two rows. In the standard version of echelon form one 
strives to make zeros in the lower left corner of the matrix, but for our purposes it will 
be more convenient to make zeros in the upper right corner instead. Thus a matrix in 
echelon form will look like the following, with the asterisks denoting entries that are 
arbitrary numbers: 


x*¥ * * * 
X X X * 
ooo F 
*¥ * * © 
oor oO 
oF Oo © 
Kl SDr OnO 
¥ CO oO © 
mi D O: o 
O o o o 


We are assuming that our given nxk matrix A has rank n and that n < k. The 
shape of the echelon form is specified by which columns contain the special entries 
1, say in the columns numbered o| < --- < On. The n-tuple (0),:--,0;,) is called 
the Schubert symbol o (A). To see that this depends only on the given matrix A and 
not any particular reduction of A to echelon form, consider the n-plane £4 in R* 
spanned by the rows of A. This is the same as the n-plane spanned by the rows of 
an echelon form of A since elementary row operations do not change the subspace 
spanned by the rows. Let p;: Rr‘ R*™ be projection onto the last k —i coordinates. 
As i goes from 0 to k the dimension of the subspace p;(£4) of R* decreases from 
n to 0 in n steps and the decreases occur precisely when i hits one of the values o,, 
as is apparent from the echelon form since p;(€,) has basis the rows of the matrix 
obtained by deleting the first i columns of the echelon form. Thus the Schubert 
symbol only depends on the n-plane spanned by the rows of A. 


In fact the echelon form itself depends only on the n-plane spanned by the rows. 
To see this, consider projection onto the n coordinates of RK given by the numbers 
Oi. This projection is surjective when restricted to the n-plane, hence is also injective, 
and the n rows of the echelon form are the vectors in the n-plane that project to the 
standard basis vectors. 


As noted above, the numbers g; in the Schubert symbol of an n-plane £ are the 
numbers i for which the dimension of the image p;(£) decreases as i goes from 0 
to n. Equivalently, these are the i’s for which the dimension of the kernel of the 
restriction p; |€ increases. This kernel is just £ ^n Rt where R‘ is the kernel of pi, the 
subspace of RK spanned by the first i standard basis vectors. This gives an alternative 
definition of the Schubert symbol ø (£). 


Given a Schubert symbol ø one can consider the set e(o) of all n-planes in R* 
having o as their Schubert symbol. In terms of echelon forms, the various n-planes 
in e(o) are parametrized by the arbitrary entries in the echelon form. There are g; —i 
of these entries in the it” row, for a total of (0, —1)+---+(o,—n) entries. Thus 
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e(o) is homeomorphic to a euclidean space of this dimension, or equivalently an open 
cell. 


| Proposition 1.17. The cells e(o) are the cells of a CW structure on G,,(R*). 


For example G>(R*) has six cells corresponding to the Schubert symbols (1, 2), 
(1,3), (1,4), (2,3), (2,4), (3,4), and these cells have dimensions 0, 1, 2, 2, 3, 4 
respectively. In general the number of cells of G,,(R*) is (x) , the number of ways of 
choosing the n distinct numbers g; < k. 


Proof: Our main task will be to find a characteristic map for e(o). This is a map 
from a closed ball of the same dimension as e(o) into G,, (R*) whose restriction 
to the interior of the ball is a homeomorphism onto e(o). From the echelon forms 
described above it is not clear how to do this, so we will use a slightly different sort 
of echelon form. We allow the special 1’s to be arbitrary nonzero numbers and we 
allow the entries below these 1’s to be nonzero. Then we impose the condition that 
the rows be orthonormal and that the last nonzero entry in each row be positive. Let 
us call this an orthonormal echelon form. Once again there is a unique orthonormal 
echelon form for each n-plane £ since if we let £; denote the subspace of £ spanned 
by the first i rows of the standard echelon form, or in other words ¢; = € n R”, 
then there is a unique unit vector in £,; orthogonal to £;_, and having positive o;'" 
coordinate. 

The i‘ row of the orthonormal echelon form then belongs to the hemisphere H; 
in the unit sphere $7! c R” c RÝ consisting of unit vectors with non-negative g; 
coordinate. In the Stiefel manifold V,, (RX) let E(o’) be the subspace of orthonormal 
frames (v,,---,UV,) E€ (Sk~!)” such that v; € H; for each i. We claim that E(c) is 
homeomorphic to a closed ball. To prove this the main step is to show that the pro- 
jection mT :E(o)—> H, T(V], ***, Un) = Vj, is a trivial fiber bundle. This is equivalent 
to finding a projection p:E(o) — 1! (v9) which is a homeomorphism on fibers of 
tt, where Vy = (0,---,0,1) € R% c RÝ, since the map T xp :E(0)— H; xT! (vo) is 
then a continuous bijection of compact Hausdorff spaces, hence a homeomorphism. 
The map pit (v)—> TmT (vo) is obtained by applying the rotation p„ of R* that 
takes v to vo and fixes the (k — 2)-dimensional subspace orthogonal to v and vo. 
This rotation takes H; to itself for i > 1 since it affects only the first o} coordinates 
of vectors in RX. Hence p takes 17 '(v) onto T~! (vo). 

The fiber m~! (vo) can be identified with E(o’) for o’ = (0) —1,--+,0, — 1). 
By induction on n this is homeomorphic to a closed ball of dimension (o> — 2) + 
-+++(0,—n), so E(o@) is a closed ball of dimension (0, —1)+---+(0, —n). The 
boundary of this ball consists of points in E(oa) having v; in 0H; for at least one i. 
This too follows by induction since the rotation p,, takes ðH; to itself for i> 1. 

The natural map E(o)—G,, sending an orthonormal n-tuple to the n-plane it 
spans takes the interior of the ball E(a) to e(o) bijectively. Since G, has the quotient 
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topology from V,,, the map intE(a0)—e(a@) is a homeomorphism. The boundary of 
E(o) maps to cells e(o’) of G, where g’ is obtained from o by decreasing some 
g;,’s, so these cells e(o’) have lower dimension than e(o). 

To see that the maps E (7) >G,, (RX) for the cells e(o) are the characteristic 
maps for a CW structure on G,, (R*) we can argue as follows. Let X‘ be the union of 
the cells e(o) in G (RS having dimension at most i. Suppose by induction on i that 
X' is a CW complex with these cells. Attaching the (i+1)-cells e(o) of X'*! to XÉ via 
the maps ðE (o )—X' produces a CW complex Y and a natural continuous bijection 
Y—xX"!. Since Y is a finite CW complex it is compact, and X‘*! is Hausdorff as a 
subspace of G,,(R*), so the map YX"! is a homeomorphism and X‘*! is a CW 
complex, finishing the induction. Thus we have a CW structure on G,,(R*). Oo 


Since the inclusions G,,(R*) c G,,(R**!) for varying k are inclusions of subcom- 
plexes and G,,(R®) has the weak topology with respect to these subspaces, it follows 
that we have also a CW structure on G(R”). 

Similar constructions work to give CW structures on complex Grassmann mani- 
folds, but here e(o) will be a cell of dimension (20, —2)+(20,—-4)+-+++(20,-2n). 
The hemisphere H; is defined to be the subspace of the unit sphere S 201-1 in C% con- 


sisting of vectors whose o;"" 


coordinate is real and nonnegative, so H; is a ball of 
dimension 20; — 2. The transformation p, € SU(k) is uniquely determined by spec- 
ifying that it takes v to vg and fixes the orthogonal (k — 2)-dimensional complex 
subspace, since an element of U(2) of determinant 1 is determined by where it sends 
one unit vector. 

The cell of G,,(R*) of largest dimension is e(o) for the Schubert symbol o = 
(k-n+1,k—n+2,---,k). This cell has dimension n(k — n), so this is the di- 
mension of G,,(R*). Near points in this top-dimensional cell G,,(R*) is a manifold. 
But G,,(R*) is homogeneous in the sense that given any two points in G,,(R*) there 
is a homeomorphism G,, (RK) +G,,(R*) taking one point to the other, namely, the 
homeomorphism induced by an invertible linear map Rk — R“ taking one n-plane to 
the other. From this homogeneity it follows that G,, (R*) is amanifold near all points. 
Since it is compact, it is a closed manifold. 

There is a natural inclusion i:G, © G,,,, defined by i(f) = Rx j(#) where 
j:R°—R® is the embedding j (x1, X2,- -) = (0, X1, X2,- -). If o (L) = (O),--+,0y) 
then o(i(f)) = (1,0, +1,---,0, +1), so i takes cells of G, to cells of G,,,, of the 
same dimension, making i(G,,) a subcomplex of G,,,,. Identifying G,, with the sub- 
complex i(G,,), we obtain an increasing sequence of CW complexes G) C Go C ::: 
whose union G,, = U,,G,, is therefore also a CW complex. Similar remarks apply as 
well in the complex case. 
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Exercises 


1. Show that the projection V,,(R“)—G,,(R*) is a fiber bundle with fiber O(n) by 
showing that it is the orthonormal n-frame bundle associated to the vector bundle 
E, (R*) >G,(R*). 


Appendix: Paracompactness 


A Hausdorff space X is paracompact if for each open cover {U,} of X there is 
a partition of unity {pg} subordinate to the cover. This means that the ọg’s are 
maps X—>I such that each pz, has support (the closure of the set where pg + 0) 
contained in some U,, each x € X has a neighborhood in which only finitely many 
M.'s are nonzero, and žig g = 1. An equivalent definition which is often given is 
that X is Hausdorff and every open cover of X has a locally finite open refinement. 
The first definition clearly implies the second by taking the cover tpz" (0,1]}. For the 
converse, see [Dugundji] or [Lundell-Weingram]. It is the former definition which is 
most useful in algebraic topology, and the fact that the two definitions are equivalent 
is rarely if ever needed. So we shall use the first definition. 

A paracompact space X is normal, for let A, and A, be disjoint closed sets in X, 
and let {pg} be a partition of unity subordinate to the cover {X — A1, X — Ap}. Let p; 
be the sum of the @z’s which are nonzero at some point of A;. Then ọ;(A;) = 1, and 
Pı + Pz < 1 since no pg can be a summand of both p, and p;. Hence prt, 1] 
and 3'(1/,,1] are disjoint open sets containing A, and A, , respectively. 

Most of the spaces one meets in algebraic topology are paracompact, including: 


(1) compact Hausdorff spaces 


(2) unions of increasing sequences X, C X, C --- of compact Hausdorff spaces X;, 
with the weak or direct limit topology (a set is open iff it intersects each X; in an 
open set) 


(3) CW complexes 
(4) metric spaces 


Note that (2) includes (3) for CW complexes with countably many cells, since such 
a CW complex can be expressed as an increasing union of finite subcomplexes. Using 
(1) and (2), it can be shown that many manifolds are paracompact, for example R”. 

The next three propositions verify that the spaces in (1), (2), and (3) are paracom- 
pact. 


| Proposition 1.18. A compact Hausdorff space X is paracompact. 


Proof: Let {U,} be an open cover of X. Since X is normal, each x € X has an open 
neighborhood V, with closure contained in some Ux. By Urysohn’s lemma there is a 
map ~,:X—I with m,(x) = 1 and m,(X — V,.) = 0. The open cover {px' (0, 1]} of 
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X contains a finite subcover, and we relabel the corresponding @,.’s as @g’s. Then 
DY g Pg(x) > 0 for all x, and we obtain the desired partition of unity subordinate to 


{Ux} by normalizing each gg by dividing it by X BPB- o 


Proposition 1.19. If X is the direct limit of an increasing sequence X, CX Cres 


of compact Hausdorff spaces X;, then X is paracompact. 


Proof: A preliminary observation is that X is normal. To show this, it suffices to find 
amap f:X—I with f(A) = 0 and f(B) = 1 for any two disjoint closed sets A and B. 
Such an f can be constructed inductively over the X;’s, using normality of the X;’s. 
For the induction step one has f defined on the closed set X; U (AN X;41) U(BN Xj41) 
and one extends over X;,, by Tietze’s theorem. 

To prove that X is paracompact, let an open cover {U,} be given. Since X; is 
compact Hausdorff, there is a finite partition of unity {p;;} on X; subordinate to 
{Ux N Xi}. Using normality of X, extend each p,; toa map p;;:X—I with support 
in the same U,. Let o; = >; pij. This sum is 1 on X;, so if we normalize each @;,; 
by dividing it by max{!/,,0,;}, we get new maps Q; j with o; = 1 in a neighborhood 
V; of X;. Let Yi; = max{0, Pij — dpc Opg}. Since 0 < Wi; < Pij, the collection {w;,} 
is subordinate to {Uy}. In V; all w,;’s with k > i are zero, so each point of X has a 
neighborhood in which only finitely many w,;’s are nonzero. For each x € X there 
isa w;,; with w;;(x) > 0, since if @,;(x) > 0 and i is minimal with respect to this 
condition, then w;;(x) = p;;(x). Thus when we normalize the collection {w;,;} by 
dividing by >); ; Wi; we obtain a partition of unity on X subordinate to {Ux}. o 


ll Proposition 1.20. Every CW complex is paracompact. 


Proof: Given an open cover {U,} of a CW complex X, suppose inductively that we 


have a partition of unity {mg} on X” subordinate to the cover {Ux N X"}. Fora 


n+1 
yY 


S” =ap""!. Since S” is compact, only finitely many of these compositions g®, can 


cell e with characteristic map ®, DIX, {pgb} is a partition of unity on 
be nonzero, for fixed y. We extend these functions pg, over D"*! by the formula 
P-(Y) Pg, (x) using ‘spherical coordinates’ (r,x) € IXS” on D"*!, where p,:II 
is 0 on [0,1—e] and 1 on[1—/,, 1]. If £ = £, is chosen small enough, these extended 
functions ppg, will be subordinate to the cover (oes): Let {w,,;} be a finite 
partition of unity on D”*! subordinate to {oy ! (U,)}. Then {peMp®y), (1 —pe)Wy,s is 
a partition of unity on D"*! subordinate to {®, 1 Ux)}. This partition of unity extends 
the partition of unity {pg} on S” and induces an extension of {p gs to a partition 
n+l and subordinate to {Ux}. Doing this for all (n + 1)-cells 


y 
gives a partition of unity on X"*!. The local finiteness condition continues to 


of unity defined on X” ue 
n+1 

ey 

hold since near a point in X” only the extensions of the gS in the original partition 


n+1 


y the only other functions that can be 


of unity on X” are nonzero, while in a cell e 
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nonzero are the ones coming from w,,;’s. After we make such extensions for all n, 
we obtain a partition of unity defined on all of X and subordinate to {U,}. o 


Here is a technical fact about paracompact spaces that is occasionally useful: 


Lemma 1.21. Given an open cover {Ux} of the paracompact space X, there is a 
countable open cover {V} such that each V, is a disjoint union of open sets each 
contained in some U,, and there is a partition of unity {Q} with pọ supported in 
V2 


Proof: Let {pm g} be a partition of unity subordinate to {U,}. For each finite set S of 
functions g let Vs be the subset of X where all the mg’s in S are strictly greater 
than all the @,’s not in S. Since only finitely many pg’s are nonzero near any x € X, 
Vs; is defined by finitely many inequalities among @x’s near x, so Vs is open. Also, 
Vs is contained in some U,, namely, any U, containing the support of any Pg € S, 
since pg E S implies mz > 0 on Vs. Let V;, be the union of all the open sets V; such 
that S has k elements. This is clearly a disjoint union. The collection {V;,} is a cover 
of X since if x € X then x € Vs; where S = { pg | g(x) > 0}. 

For the second statement, let {@,} be a partition of unity subordinate to the 
cover {Vz}, and let p, be the sum of those @,’s supported in V; but not in V; for 
j<k. o 


Chapter 2 
K-Theory 


The idea of K-theory is to make the direct sum operation on real or complex vector 
bundles over a fixed base space X into the addition operation in a group. There are 
two slightly different ways of doing this, producing, in the case of complex vector 
bundles, groups K(X) and K(X) with K(X) ~ K(X) ©Z, and for real vector bundles, 
groups KO(X) and KO(X) with KO(X) ~ KO(X) ƏZ. Complex K-theory turns out 
to be somewhat simpler than real K-theory, so we concentrate on this case in the 
present chapter. 

Computing K(X) even for simple spaces X requires some work. The case X = S” 
is the Bott Periodicity Theorem, which gives isomorphisms K(S") ~ K(S"**) for all 
n, and more generally K(X) =~ K(S°X) where S°X is the double suspension of X. 
This is a deep theorem, so it is not surprising that it has applications of real substance. 
We give some of these in §2.3, notably: 

(1) The nonexistence of division algebras over R in dimensions other than 1, 2, 4, 
and 8, the dimensions of the real and complex numbers, quaternions, and Cayley 
octonions. 

(2) The nonparallelizability of spheres other than S!, S°, and S”. 


The proof of the Bott Periodicity Theorem divides into two parts. The first is the hard 
technical work, proving an isomorphism K(X x5S*) ~ K(X) @K(S*). This takes about 
ten pages, forming the bulk of §2.1. The other half is easier, being more formal in 
nature, and this is contained in §2.2 where the cohomological aspects of K(X) are 
the main focus. 
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2.1. The Functor K(X) 


Since we shall be dealing exclusively with complex vector bundles in this chapter, 
let us take ‘vector bundle’ to mean ‘complex vector bundle’ unless otherwise specified. 
Base spaces will always be assumed to be compact Hausdorff, so that the results of 
the preceding chapter which have this hypothesis will be available to us. 

For the purposes of K-theory it is convenient to take a slightly broader defini- 
tion of ‘vector bundle’ which allows the fibers of a vector bundle p:E— X to be vec- 
tor spaces of different dimensions. We still assume local trivializations of the form 
h:p-'(U) Ux C", so the dimensions of fibers must be locally constant over X, but 
if X is disconnected the dimensions of fibers need not be globally constant. 

Consider vector bundles over a fixed base space X. The trivial n-dimensional 
vector bundle we write as £” — X. Define two vector bundles £} and E, over X to be 
stably isomorphic, written E, ~, E>, if E] 8€” ~ E,®e" for some n. Ina similar vein 
we set E, ~ E, if E] 8” ~ E, £” for some m and n. It is easy to see that both =, 
and ~ are equivalence relations. On equivalence classes of either sort the operation 
of direct sum is well-defined, commutative, and associative. A zero element is the 
class of £. 


Proposition 2.1. If X is compact Hausdorff, then the set of ~- equivalence classes of 


vector bundles over X forms an abelian group with respect to ®. 
This group is called K(X). 


Proof: Only the existence of inverses needs to be shown, which we do by showing 
that for each vector bundle rr :E— X there is a bundle E’—X such that E@E’ = «™ 
for some m. If all the fibers of E have the same dimension, this is Proposition 1.4. 
In the general case let X; = {x € X| dimm! (x) =i}. These X;’s are disjoint open 
sets in X, hence are finite in number by compactness. By adding to E a bundle which 
over each X; is a trivial bundle of suitable dimension we can produce a bundle whose 
fibers all have the same dimension. o 


For the direct sum operation on ~,-equivalence classes, only the zero element, the 
class of €°, can have an inverse since E®E’ ~, €? implies E®E’ ®e" ~ £” for some 
n, which can only happen if E and E’ are O0-dimensional. However, even though 
inverses do not exist, we do have the cancellation property that E} ®E, =, E @ E; 
implies E> ~, E} over a compact base space X, since we can add to both sides of 
E, 9E, ~, E) ®E, a bundle E; such that FE} © Ej = £” for some n. 

Just as the positive rational numbers are constructed from the positive integers 
by forming quotients a/b with the equivalence relation a/b = c/d iff ad = bc, so we 
can form for compact X an abelian group K(X) consisting of formal differences E-E’ 
of vector bundles E and E’ over X, with the equivalence relation E, — Ej = E, — Eż 
iff E ® Eb ~, E,®E}. Verifying transitivity of this relation involves the cancellation 
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property, which is why compactness of X is needed. With the obvious addition rule 
(E, — Ei) + (E, —E5) = (E, ®E,) — (Ej ® Eż), K(X) is then a group. The zero element is 
the equivalence class of E — E for any E, and the inverse of E—E’ is E’ — E. Note that 
every element of K(X) can be represented as a difference E — €” since if we start with 
E — E’ we can add to both E and E’ a bundle E” such that E’ ®@E” = £” for some n. 

There is a natural homomorphism K(X)— K(X) sending E — £” to the ~-class 
of E. This is well-defined since if E — €” = F' — €" in K(X), then ESE” x, EDE”, 
hence E ~ E’. The map K(X) > K(X) is obviously surjective, and its kernel consists of 
elements E- €” with E ~ €°, hence E =, £" for some m, so the kernel consists of the 
elements of the form £” — £” . This subgroup {£" — €"} of K(X) is isomorphic to Z. 
In fact, restriction of vector bundles to a basepoint x, € X defines a homomorphism 
K(X)— K(x) ~ Z which restricts to an isomorphism on the subgroup {£" — €”}. 
Thus we have a splitting K(X) ~ K(X) @Z, depending on the choice of x9. The group 
K(X) is sometimes called reduced, to distinguish it from K(X). 


Ring Structure 


Besides the additive structure in K(X) there is also a natural multiplication com- 
ing from tensor product of vector bundles. For elements of K(X) represented by 
vector bundles E, and E, their product in K(X) will be represented by the bundle 
E, ®E,, so for arbitrary elements of K(X) represented by differences of vector bun- 
dles, their product in K(X) is defined by the formula 


It is routine to verify that this is well-defined and makes K(X) into a commutative ring 
with identity ¢!, the trivial line bundle, using the basic properties of tensor product 
of vector bundles described in §1.1. We can simplify notation by writing the element 
€" € K(X) just as n. This is consistent with familiar arithmetic rules. For example, 
the product nE is the sum of n copies of E. 

If we choose a basepoint x, € X, then the map K(X)—K(x,) obtained by re- 
stricting vector bundles to their fibers over x, is a ring homomorphism. Its kernel, 
which can be identified with K(X) as we have seen, is an ideal, hence also a ring in its 
own right, though not necessarily a ring with identity. 


The rings K(X) and K(X) canbe regarded as functors of X. A map f:X—>Y in- 
duces a map f*:K(Y)— K(X), sending E—E’ to f*(E)—f*(E’). This is aring homo- 
morphism since f*(E] ®E,) ~ f*(E1)® f* (Ey) and f* (E1 8E) ~ f* (E1) 8 f* (Ep). 
The functor properties (fg)* = g*f* and 1* = 1 as well as the fact that f = g 
implies f* = g* all follow from the corresponding properties for pullbacks of vector 
bundles. Similarly, we have induced maps f* :R(Y)—K(X) with the same properties, 
except that for f* to be a ring homomorphism we must be in the category of base- 
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pointed spaces and basepoint-preserving maps since our definition of multiplication 
for K required basepoints. 

An external product u:K(X)®K(Y)—K(XxY) can be defined by u(ae@b) = 
pi (a)p> (b) where p, and p> are the projections of X x Y onto X and Y. The tensor 
product of rings is a ring, with multiplication defined by (a ə b)(c ed) = ac ə bd, and 
u is a ring homomorphism since p((a®b)(c @d)) = u(acebd) = p;(ac)p> (bd) = 
pi (a)py (c)p2 (b) ps (d) = př (a) po (b) pj (c) po (d) = (a sb)u(c od). 

Taking Y to be S* we have an external product 


u:K(X) @K(S*) ~K(XxS°*) 


Most of the remainder of §2.1 will be devoted to showing that this map is an isomor- 
phism. This is the essential core of the proof of Bott Periodicity. 

The external product in ordinary cohomology is called ‘cross product’ and written 
axb, but to use this symbol for the K-theory external product might lead to confusion 
with Cartesian product of vector bundles, which is quite different from tensor product. 
Instead we will sometimes use the notation a x b as shorthand for u(a b). 


The Fundamental Product Theorem 


The key result allowing the calculation of K(X) in nontrivial cases is a certain for- 
mula that computes K(X x S°) in terms of K(X). For example, when X is a point this 
will yield a calculation of K (S°). In the next section we will deduce other calculations, 
in particular K(S”) for all n. 

Let H be the canonical line bundle over S? = CP!. We showed in Example 1.13 
that (H®H)®1 ~ H®H. In K($?) this is the formula H°? + 1 = 2H, so H°? = 2H-1. 
We can also write this as (H — 1)* = 0, so we have a natural ring homomorphism 
Z[H]/(H — 1)*—K(S*) whose domain is the quotient ring of the polynomial ring 
Z[H] by the ideal generated by (H — 1)?. In particular, note that an additive basis for 
Z[H]/(H —1)° is {1,H}. 

We define a homomorphism p as the composition 


u:K(X) ®Z[H]/(H — 1)? — K(X) ®K(S*) — K(XxS*) 
where the second map is the external product. 


Theorem 2.2. The homomorphism :K(X) ®Z[H]/(H — 1)?—K(X xS?) is an iso- 
morphism of rings for all compact Hausdorff spaces X. 


Taking X to be a point we obtain: 


| Corollary 2.3. The map Z[H]/(H — 1)?—K(S°) is an isomorphism of rings. 


Thus if we regard K(S*) as the kernel of K(S*) >K (Xo), then it is generated as 
an abelian group by H — 1. Since we have the relation (H — 1)” = 0, this means that 
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the multiplication in K(S°) is completely trivial: The product of any two elements 
is zero. Readers familiar with cup product in ordinary cohomology will recognize 
that the situation is exactly the same as in H*(S*;Z) and H*(S*;Z), with H - 1 
behaving exactly like the generator of H° (S°; Z). In the case of ordinary cohomology 
the cup product of a generator of H*(S*;Z) with itself is automatically zero since 
H*(S*;Z) = 0, whereas with K-theory a calculation is required. 

The present section will be devoted entirely to the proof of the preceding theorem. 
Nothing in the proof will be used elsewhere in the book except in the proof of Bott 
periodicity for real K-theory in §2.4, so the reader who wishes to defer a careful 
reading of the proof may skip ahead to §2.2 without any loss of continuity. 

The main work in proving the theorem will be to prove the surjectivity of u. 
Injectivity will then be proved by a closer examination of the surjectivity argument. 


Clutching Functions 


From the classification of vector bundles over spheres in §1.2 we know that vec- 
tor bundles over S* correspond exactly to homotopy classes of maps S! —GL,(C), 
which we called clutching functions. To prove the theorem we will generalize this con- 
struction, creating vector bundles over X xS* by gluing together two vector bundles 
over Xx D? by means of a generalized clutching function. 

We begin by describing this more general clutching construction. Given a vector 
bundle p:E—X, let f:ExS'—-ExS' be an automorphism of the product vector 
bundle px1:ExS!—XxS!. Thus for each x € X and z €e S!, f specifies an 
isomorphism f(x,z):p '(x)—p !(x). From E and f we construct a vector bundle 
over Xx5S* by taking two copies of Ex D? and identifying the subspaces Ex S! via 
f- We write this bundle as [E, f], and call f a clutching function for [E, f]. If 
f,:EXS'—ExS' is a homotopy of clutching functions, then [E, fọ] ~ LE, f,] since 
from the homotopy f, we can construct a vector bundle over X xS*xI restricting 
to [E, fo] and [E, fi] over Xx5S*x {0} and XxS*~x {1}. From the definitions it is 
evident that [E], f1] [E>, fo] ~ [E] S E>, fi ® fol. 

Here are some examples of bundles built using clutching functions: 

1. [E, 1] is the external product E x 1 = u(E 81), or equivalently the pullback of E 
via the projection Xx S*—> X. 

2. Taking X to be a point, then we showed in Example 1.10 that [1,z] ~ H where ‘1’ 
is the trivial line bundle over X, ‘z’ means scalar multiplication by z € S' c C, and 
H is the canonical line bundle over S* = CP!. More generally we have [1,z"] ~ H”, 
the n-fold tensor product of H with itself. The formula [1,z"] ~ H” holds also for 
negative n if we define H~! = [1,z~‘], which is justified by the fact that H@H! = 1. 
3. [E,z"] = E x H” = u(E8 H”) fornez. 

4. Generalizing this, [E, z” f] ~ [E,f]@H” where H” denotes the pullback of H” 
via the projection X x S? —> S°. 
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Every vector bundle E’ ~ X xS? is isomorphic to [E, f] for some E and f. To 
see this, let the unit circle S! c CU {œ} = S$? decompose S° into the two disks Dy 
and D», and let E, for œ = 0, be the restriction of E’ over XxD,, with E the 
restriction of E’ over Xx {1}. The projection X x D,— Xx {1} is homotopic to the 
identity map of Xx D,, so the bundle Ex is isomorphic to the pullback of E by the 
projection, and this pullback is Ex D,, so we have an isomorphism h,:E,—7ExD,. 
Then f = hoh;! is a clutching function for E’. 

We may assume a clutching function f is normalized to be the identity over 
X xX {1} since we may normalize any isomorphism h,:E,—~ExD, by composing it 
over each X x {z} with the inverse of its restriction over Xx {1}. For the given vector 
bundle E’ any two choices of normalized h, are homotopic through normalized h,’s 
since they differ by a map g, from D, to the automorphisms of E, with g,(1) = L, 
and sucha gx is homotopic to the constant map 1 by composing it with a deformation 
retraction of D, to 1. Thus any two choices fọ and fı of normalized clutching 
functions are joined by a homotopy of normalized clutching functions f+. 


The strategy of the proof will be to reduce from arbitrary clutching functions 
to successively simpler clutching functions. The first step is to reduce to Laurent 
polynomial clutching functions, which have the form £(x, Z) = Xien a;(x)z' where 
a;:E—E restricts to a linear transformation a;(x) in each fiber p`! (x). We call 
such an a; an endomorphism of E since the linear transformations a;(x) need not 
be invertible, though their linear combination X; a;(x)z' is since clutching functions 
are automorphisms. 


Proposition 2.4. Every vector bundle [E, f] is isomorphic to [E, £] for some Laurent 
polynomial clutching function £. Laurent polynomial clutching functions fọ and 
£; which are homotopic through clutching functions are homotopic by a Laurent 
polynomial clutching function homotopy €,(x,Z) = >; a;(x;, tzi. 


Before beginning the proof we need a lemma. For a compact space X we wish 
to approximate a continuous function f :XxSt— C by Laurent polynomial functions 
SinieN 4n(X)Z" = Xinin An(x)e"’ , where z = e” and each a, is a continuous 
function X— C. Motivated by Fourier series, we set 

2T 


a„(x) = = : f(x, ee do 


For positive real r let u(x,r,0) = Snezan(x)r'e™?. For fixed r < 1, this se- 
ries converges absolutely and uniformly as (x, 0) ranges over Xx [0,2rr], by com- 
parison with the geometric series }„r”, since compactness of X xS! implies that 
If(x,et?)| is bounded and hence also la, (x)|. If we can show that u(x,r,0) ap- 
proaches f(x, et?) uniformly in x and @ as r goes to 1, then sums of finitely many 
terms in the series for u(x,r,0) with r near 1 will give the desired approximations 
to f by Laurent polynomial functions. 
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0 


| Lemma 2.5. As r—>1, u(x,r,0)—> f(x,e?) uniformly in x and 0. 


Proof: For r < 1 we have 


(oe) 


u(x,r,0)= > 


nN=— oo 


2T 1 Sa : 7 
-| 5 ŞS pinlein-O fix el) dt 
0 


1 


2T 

In| in(0-t) it 
— x,e )at 
21 j ies Ft ) 


n=- 


where the order of summation and integration can be interchanged since the series 
in the latter formula converges uniformly, by comparison with the geometric series 
$n r”. Define the Poisson kernel 


P(r,@) Lii X re”? foro<r<l1l ando eR 
P T ae 
2 
Then u(x,r,0) = h Pe, 0 —t)f(x,e") dt. By summing the two geometric series 
for positive and negative n in the formula for P(r,qm), one computes that 
1 1-r° 
P Se eee a 
(p 2m 1-—2rcosmp+r? 

Three basic facts about P(r, qm) which we shall need are: 


(a) As a function of œ, P(r,q) is even, of period 27r, and monotone decreasing 
on [0,7r], since the same is true of cos o which appears in the denominator of 
P(r,q@) with a minus sign. In particular we have P(r,q@m) = P(r,tr) > O for all 
r= 1; 

(b) K Par) dọ = 1 for each r < 1, as one sees by integrating the series for 
P(r,q@m) term by term. 

(c) For fixed m € (0,7r), P(v,m)—0 as r— 1 since the numerator of P(r, @) ap- 
proaches 0 and the denominator approaches 2 — 2 coso # 0. 


Now to show uniform convergence of u(x,r,0) to f (x,e!) we first observe that, 
using (b), we have 


21 l 27 
juar O- feese)| =| | P@.e-n fee at- | Pe, o -Dfa e)dt 
0 0 


27 


a P(r,0 —t)|f(x,e") — f(x,e®)]| dt 


Given € > 0, there exists a 5 > 0 such that | f(x,e”) — f(x,e)| < £ for |t-—0| <6 
and all x, since f is uniformly continuous on the compact space X x S'. Let I 5 denote 
the integral [P, 0 —t) |f (x,e”) — f(x, e!®)| dt over the interval |t — 0| < 6 and let 
I; denote this integral over the complement of the interval |t — O| < 6 in an interval 
of length 27r. Then we have 


27 


r= f P(r,0-t)cdt <€ P(r,0-t)dt =€ 
|t-0|<6 0 
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By (a) the maximum value of P(r,@—t) on |t — 0| > 6 is P(r,6). So 
277 ; ; 
I; < P(r,5) | If (x, et) — f(x, e!)| dt 
0 


The integral here has a uniform bound for all x and @ since f is bounded. Thus by (c) 
we can make I; < £ by taking r close enough to 1. Therefore |u(x,7r,0) — f(x, 0)| < 
Is +15 < 2¢. o 


Proof of Proposition 2.4: Choosing a Hermitian inner product on E, the endomor- 
phisms of Ex S! form a vector space End (Ex S!) with a norm ||«|| = SUPiyj=1 |X(V) |. 
The triangle inequality holds for this norm, so balls in End(ExS 1) are convex. The 
subspace Aut(Ex S!) of automorphisms is open in the topology defined by this norm 
since it is the preimage of (0,0o) under the continuous map End(ExS!)—[0, œ), 
a +> infix »cxx.51| det(a(x,Z))|. Thus to prove the first statement of the proposi- 
tion it will suffice to show that Laurent polynomials are dense in End(ExS'), since 
a sufficiently close Laurent polynomial approximation £ to f will then be homotopic 
to f via the linear homotopy tf + (1 — t)f through clutching functions. The second 
statement follows similarly by approximating a homotopy from £o to £; , viewed as an 
automorphism of ExS!xI, by a Laurent polynomial homotopy £;, then combining 
this with linear homotopies from £o to £9 and £; to £; to obtain a homotopy £, from 
fy to £. 

To show that every f € End(ExS!) can be approximated by Laurent polynomial 
endomorphisms, first choose open sets U; covering X together with isomorphisms 
h;:p_'(U;) ~U;xC™. We may assume h; takes the chosen inner product in p~! (U;) 
to the standard inner product in C™, by applying the Gram-Schmidt process to h; 1 
of the standard basis vectors. Let {q,} be a partition of unity subordinate to {U;} 
and let X; be the support of p;, a compact set in U;. Via h;, the linear maps f(x,z) 
for x € X; can be viewed as matrices. The entries of these matrices define functions 
X,xS '_.C. By the lemma we can find Laurent polynomial matrices t(x,z) whose 
entries uniformly approximate those of f(x,z) for x € X;. It follows easily that £; 
approximates f in the || - || norm. From the Laurent polynomial approximations £; 
over X; we form the convex linear combination = >’, p,f;, a Laurent polynomial 
approximating f over all of XxS!. oO 


A Laurent polynomial clutching function can be written £ = z "gq for a polyno- 
mial clutching function q, and then we have [E, £] ~ [E,q]®H~™. The next step is 
to reduce polynomial clutching functions to linear clutching functions. 


Proposition 2.6. If q is a polynomial clutching function of degree at most n, then 
[E,q]®[nE, 1] = [(n + 1)E,L"q] for a linear clutching function L"q. 
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Proof: Let q(x,z) = a,(x)z" + -+++d (x). Each of the matrices 


1 -Z (0) --- 0 O 1 0 0 0 0 
(0) 1 -Z =- 0 O O 1 0 0 0 
(0) (0) 1 --- 0 O O O 1 0 0 
A=|. : : : ; B=]... => 
0 0 (0) .--- I -z 000 --- 10 
An An-1 An-r *** A, Ay 000 ::: 0 4@ 


defines an endomorphism of (n+ 1)E by interpreting the (i, j) entry of the matrix as 
a linear map from the jt” summand of (n +1)E to the it” summand, with the entries 
1 denoting the identity E— E and z denoting z times the identity, for z € S'. We can 
pass from the matrix A to the matrix B by a sequence of elementary row and column 
operations in the following way. In A, add z times the first column to the second 
column, then z times the second column to the third, and so on. This produces 0’s 
above the diagonal and the polynomial q in the lower right corner. Then for each 
i < n, subtract the appropriate multiple of the itt row from the last row to make all 
the entries in the last row O except for the final q. These row and column operations 
are not quite elementary row and column operations in the traditional sense since 
the entries of the matrices are not numbers but linear maps. However, by restricting 
to a fiber of E and choosing a basis in this fiber, each entry in A becomes a matrix 
itself, and then each of the preceding row and column operations can be realized by 
a sequence of traditional row and column operations on the expanded matrices. 

The matrix B is a clutching function for [nE, 1]@[E,q], hence in each fiber the 
expanded version of B has nonzero determinant. Since elementary row and column 
operations preserve determinant, the expanded version of A is also invertible in each 
fiber. This means that A is an automorphism of (n + 1)E for each z € S!, and 
therefore determines a clutching function which we denote by L"q. Since L"q has 
the form a(x)z+b(x), itis a linear clutching function. The matrices A and B define 
homotopic clutching functions since the elementary row and column operations can 
be achieved by continuous one-parameter families of such operations. For example 
the first operation can be achieved by adding tz times the first column to the second, 
with t ranging from 0 to 1. Since homotopic clutching functions produce isomorphic 
bundles, we obtain an isomorphism [E,q]®[nE, 1] = [(n + 1)E,L"q]. o 


Linear Clutching Functions 
For linear clutching functions a(x)z + b(x) we have the following key fact: 
Proposition 2.7. Given a bundle [E,a(x)z + b(x)], there is a splitting E ~ E, ® E_ 
with [E,a(x)z+b(x)] = [E,,1]@[E_,z]. 


Proof: The first step is to reduce to the case that a(x) is the identity for all x. 
Consider the expression: 


(*) (1 + tz) (a(x) Lav 


Tae tb) = (ae) + tb(x))z + tatx) + D(x) 
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When t = O this equals a(x)z + b(x). For 0 < t < 1, (x) defines an invertible 
linear transformation since the left-hand side is obtained from a(x)z + b(x) by first 
applying the substitution z — (z + t)/(1 + tz) which takes S! to itself (because if 
|z| = 1 then |(z+t)/(1+tz)| = |Z(z+t)/(1+tz)| = |(1+tz)/(1+tz)| = |w/w| = 1), 
and then multiplying by the nonzero scalar 1+tz. Therefore (x) defines a homotopy 
of clutching functions as t goes from 0 to tọ < 1. In the right-hand side of (x) the 
term a(x) + tb(x) is invertible for t = 1 since it is the restriction of a(x)z + b(x) 
to z = 1. Therefore a(x) + tb(x) is invertible for t = tọ near 1, as the continuous 
function t +> inf,.y|det(a(x) +tb(x))| is nonzero for t = 1, hence also for t near 
1. Now we use the simple fact that [E, fg] ~ LE, f] for any isomorphism g:E—E. 
This allows us to replace the clutching function on the right-hand side of (x) by the 
clutching function z + (tga(x) + b(x)) (a(x) + tgb(x))~', reducing to the case of 
clutching functions of the form z + b(x). 

Since z + b(x) is invertible for all x, b(x) has no eigenvalues on the unit circle 
gr 


Lemma 2.8. Let b:E—E be an endomorphism having no eigenvalues on the unit 

circle S!. Then there are unique subbundles E , and E_ of E such that: 

(a) E=E,@E_. 

(b) b(E,) C EL. 

(c) The eigenvalues of b |E, all lie outside S! and the eigenvalues of b|E_ all lie 
inside S}. 


Proof: Consider first the algebraic situation of a linear transformation T:V—V with 
characteristic polynomial q(t). Assuming q(t) has no roots on St, we may factor q(t) 
in C[t] as q,(t)q_(t) where q,(t) has all its roots outside St and q_(t) has all its 
roots inside St. Let V, be the kernel of q..(T):V—V. Since q, and q_ are relatively 
prime in C[t], there are polynomials r and s with rq,+sq_ = 1. From q,(T)q_(T) = 
q(T) = 0, we have Imq_(T) c Kerq,(T), and the opposite inclusion follows from 
r(T)q,(T) + q_(T)s(T) = 1. Thus Kerq,(T) = Imq_(T), and similarly Ker q_(T) = 
Imq, (T). From q,(T)r(T) + q_(T)s(T) = 1 we see that Imq,(T) +Imq_(T) =V, 
and from r(T)q,(T) + s(T)q_(T) = 1 we deduce that Kerq,(T) © Kerq_(T) = 0. 
Hence V = V, ®V_. We have T(V) C V, since q.(T)(v) = 0 implies q.(T)(T(v)) = 
T(q..(T)(v)) = 0. All eigenvalues of T |V, are roots of q, since q,(T) = 0 on VL. 
Thus conditions (a)-(c) hold for V, and V_. 

To see the uniqueness of V, and V_ satisfying (a)-(c), let q’. be the characteristic 
polynomial of T|V.., so q = qq. All the linear factors of q!. must be factors of 
q+ by condition (c), so the factorizations q = q’,q_ and q = q,q_ must coincide up 
to scalar factors. Since q% (T) is identically zero on V,, so must be q,(T), hence 
V. C Kerq,(T). Since V = V,@V_ and V = Kerq,(T) © Kerq_(T), we must have 
V =Kerq.(T). This establishes the uniqueness of V.. 
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As T varies continuously through linear transformations without eigenvalues on 
St}, its characteristic polynomial q(t) varies continuously through polynomials with- 
out roots in S1. In this situation we assert that the factors q4 of q vary continuously 
with q, assuming that q, q,, and q_ are normalized to be monic polynomials. To 
see this we shall use the fact that for any circle C in C disjoint from the roots of q, 
the number of roots of q inside C, counted with multiplicity, equals the degree of 
the map y:C—S!, y(z) = q(z)/|q(z)|. To prove this fact consider first the case of 
a small circle C about a root z = a of multiplicity m, so q(t) = p(t)(t — a)” with 
p(a) + 0. The homotopy 


_ p(sa+(1—s)z)(z-a)™ 
¥s(2) = Tea +(—s)z)(z—a)™| 


gives a reduction to the case (t — a)’, where it is clear that the degree is m. As 
the circle C is gradually enlarged, the map y changes only by homotopy, leaving its 
degree unchanged, except when C is enlarged to enclose another root of q. In this 
case the new loop C is homotopic to the composition of the old loop C with a small 
loop about the new root, so the degree of y for the new C is the sum of the old degree 
plus the degree for the small loop. The result then follows by induction. 

For a small circle C about aroot z = a of q of multiplicity m, small perturbations 
of q to nearby polynomials q’ produce small perturbations of the map y to nearby 
maps y’ which are therefore homotopic to y, having the same degree, hence q’ also 
has m roots @,,---,@,, inside C. Thus the factor (z — a)" of q becomes a factor 
(z-a,)---+(z—a,,) of the nearby q’. Since the a,’s are near a, the factor (z—a)" of 
q is close to the factor (z—a,)---(z-—a,,) of q’ since multiplication of polynomials 
is a continuous operation. Taking the products of these factors for the roots inside 
or outside the unit circle, we conclude that q/. is close to q,, so the factorization 
4 = 4,q_ Varies continuously with q, as claimed. 

Next we observe that as T varies continuously through transformations without 
eigenvalues in S!, the splitting V = V, ®V_ also varies continuously. To see this, 
recall that V, =Imq_(T) and V_ = Imq,(T). Choose a basis v,,---,v, for V such 
that q_(T)(v,),--+,q_(T)(v,;) is a basis for V, and q,(T)(v;41),°°+,4,(T)(v,) is 
a basis for V_. For nearby T these vectors vary continuously, hence remain indepen- 
dent. Thus the splitting V = Imq_(T)® Imq,(T) continues to hold for nearby T, 
and so the splitting V = V, ®V_ varies continuously with T. 

It follows that the union E, of the subspaces V, in all the fibers V of E isa 
subbundle, and so the proof of the lemma is complete. o 


To finish the proof of Proposition 2.7, note that the lemma gives a splitting [E, z + 
b(x)] = [E,,z + b,(x)] ®@[E_,z + b_(x)] where b, and b_ are the restrictions of 
b. Since b,(x) has all its eigenvalues outside S!, the formula tz + b,(x) for 0 < 
t < 1 defines a homotopy of clutching functions from z + b,(x) to b,(x). Hence 
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[E,,Z+b,(x)] = [E,,b,(x)] = [E,, 1]. Similarly, z + tb_(x) defines a homotopy of 
clutching functions from z + b_(x) to z, so [E_,z+b_(x)] ~ [E_,z]. o 


For future reference we note that the splitting [E,az + b] = [F,,1]®[E_,z] 
constructed in the proof of Proposition 2.7 preserves direct sums, in the sense that 
the splitting for a sum [E, $ E}, (aız+b;ı)®(apz+b,)] has (E; ® E3), = (E,), ®(E>),. 
This is because the first step of reducing to the case a = 1 clearly respects sums, and 
the uniqueness of the +-splitting in Lemma 2.8 guarantees that it preserves sums. 
Conclusion of the Proof 


Now we address the question of showing that the homomorphism 
u:K(X) ®Z[H]/(H - 1)?—>K(XxS°) 


is an isomorphism. The preceding propositions imply that in K(X xS 2) we have 
[E, f] = [E,z-"q] 
= [E,q]@H-™ 
=[(n+1)E,L"q]oH-™ — [nE,1]eH-™ 
=[((n + 1)E),, 1J@H-™ + [((n + 1)E)_,z]@H-™ - [nE, 1]@H-™ 
=((n+1)E), *H°™+((n+1)E)_*H'™-nE*xH™ 


This last expression is in the image of u. Since every vector bundle over Xx S° has 
the form [E, f], it follows that u is surjective. 


To show wu is injective we shall construct v:K(X x S*)—> K(X) ®Z[H]/(H — 1)? 
such that vu = 1. The idea will be to define v([E, f]) as some linear combination of 
terms E@H* and ((n + 1)E), @H* that is independent of all choices. 

To investigate the dependence of the terms in the formula for [E, f] displayed 
above on m and n we first derive the following two formulas, where deg q < n: 

(1) [(n + 2)E,L"**q] = [(n + E,L"q]@[E, 1] 
(2) [(n + 2)E,L"**(zq)] ~ [(n + LE, L"q] @ LE, z] 


The matrix representations of L"*!q and L"*!(zq) are: 


1 -z 0 --- 0 1 -Z (0) --- 0 (0) 
O 1 -Z (0) (0) 1 -Z ~- 0 (0) 
i : ; and ; : pe 

0 0 (0) 1 -z (0) (0) (0) ree I -z 
0 An an-ı **" Ag An An-1 4n-2 `° Ao 0 


In the first matrix we can add z times the first column to the second column to 
eliminate the —z in the first row, and then the first row and column give the summand 
[E, 1] while the rest of the matrix gives [(n + 1)E,L"q]. This proves (1). Similarly, 
in the second matrix we add z~! times the last column to the next-to-last column to 
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make the —z in the last column have all zeros in its row and column, which gives the 
splitting in (2) since [E, —z] ~ [E, z], the clutching function -z being the composition 
of the clutching function z with the automorphism —1 of E. 

In view of the appearance of the correction terms [F, 1] and [E, z] in (1) and (2), 
it will be useful to know the ‘+’ splittings for these two bundles: 


(3) For [E, 1] the summand E_ is 0 and E, = E. 
(4) For [E,z] the summand E, is 0 and E_ = E. 


Statement (4) is obvious from the definitions since the clutching function z is already 
in the form z + b(x) with b(x) = 0, so O is the only eigenvalue of b(x) and hence 
E, = 0. To obtain (3) we first apply the procedure at the beginning of the proof of 
Proposition 2.7 which replaces a clutching function a(x)z + b(x) by the clutching 
function z + [tga(x) + b(x)][a(x) + tob(x)]"' with O < tọ < 1. Specializing to the 
case a(x)z + b(x) = 1 this yields z + tj‘. Since tj‘ has only the one eigenvalue 
tõ! > 1, we have E_ = 0. 

Formulas (1) and (3) give ((n + 2)E)_ = ((n + 1)E)_, using the fact that the 
+-splitting preserves direct sums. So the ‘minus’ summand is independent of n. 

Suppose we define 


v({E,z~"q]) = ((n + 1)E)_®(H —1) + E@H-™ € K(X) @Z[H]/(H - 1)? 


for n > degq. We claim that this is well-defined. We have just noted that ‘minus’ 
summands are independent of n, so v([E,z ™q]) does not depend on n. To see 
that it is independent of m we must see that it is unchanged when z '"q is replaced 
by z~™-!(zq). By (2) and (4) we have the first of the following equalities: 


v(LE,z~-!(zq)]) = ((n + 1)E)_9(H - 1) + E@(H — 1) + EH"! 
= ((n + 1)E)_8(H — 1) + E9(H 7" —- H" !) + E9H 7"! 
= ((n +1)E)_8(H - 1) + E9H ™ 
= v([E,z ™"q]) 


The second equality uses the relation (H — 1)? = 0 which implies H(H — 1) = H - 1 
and hence H — 1 = H” —H~™! for all m. The third and fourth equalities are 
evident. 

Another choice which might perhaps affect the value of v([E,z 'q]) is the con- 
stant tọ < 1 in the proof of Proposition 2.7. This could be any number sufficiently 
close to 1, so varying tg gives a homotopy of the endomorphism b in Lemma 2.8. This 
has no effect on the +-splitting since we can apply Lemma 2.8 to the endomorphism 
of ExI given by the homotopy. Hence the choice of tọ does not affect v([E,z~'"q]). 

It remains to see that v ([E, z 'q]) depends only on the bundle [E,z 'q], not on 
the clutching function z~""q for this bundle. We showed that every bundle over X x $° 
has the form [E, f] for a normalized clutching function f which was unique up to 
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homotopy, and in Proposition 2.5 we showed that Laurent polynomial approximations 
to homotopic f’s are Laurent-polynomial-homotopic. If we apply Propositions 2.6 
and 2.7 over XxI with a Laurent polynomial homotopy as clutching function, we 
conclude that the two bundles ((1 + 1)E)_ over Xx {0} and Xx {1} are isomorphic. 
This finishes the verification that v([E,z "'q]) is well-defined. 

It is easy to check through the definitions to see that v takes sums to sums 
since L"(q, ® qo) = L"q, ® L"q» and the +-splitting in Proposition 2.7 preserves 
sums, as we have already observed. It follows that v extends to a homomorphism 
K(XxS*) K(X) ®Z[H]/(H - 1)°. 

The last thing to verify is that vu = 1. The group Z[H]/(H — 1)? is generated by 
1 and H, so in view of the relation H + H~! = 2, which follows from (H — 1)* = 0, 
we see that K(S*) is also generated by 1 and H~!. Thus it suffices to show vy = 1 
on elements of the form E&H ™ for m = 0. We have vu(E®H ™) =v([E,z ™]) = 
E_®(H-1)+E®H ™=E®H ™ since E_ = 0, the polynomial q being 1 so that (3) 
applies. 

This completes the proof of Theorem 2.2. oO 


2.2 Bott Periodicity 


In this section we develop a few basic tools that make it possible to compute K(X) 


for more complicated spaces X, and in particular for all spheres, yielding the Bott 
Periodicity Theorem. These tools are formally very similar to the basic machinery of 
algebraic topology involving cohomology, and in fact they make K-theory into what 
was Classically called a generalized cohomology theory, but now is called simply a 
cohomology theory. 


Exact Sequences 


We will be going back and forth between the two versions of K-theory, K(X) and 
K(X). Sometimes one is more convenient for stating a result, sometimes the other. 
We begin by examining a key property of the reduced groups K(X). 


Proposition 2.9. If X is compact Hausdorff and A C X is a closed subspace, then the 
inclusion and quotient maps A —> X Z, X/A induce homomorphisms K(X/A) = 
K(X) — K(A) for which the kernel of i* equals the image of q* . 


Since we assume A is a closed subspace of a compact Hausdorff space, it is also 
compact Hausdorff. The quotient space X/A is compact Hausdorff as well, with the 
Hausdorff property following from the fact that compact Hausdorff spaces are normal, 
hence a point x € X — A and the subspace A have disjoint neighborhoods in X, 
projecting to disjoint neighborhoods of x and the point A/A in X/A. 
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There is some standard terminology to described the conclusion of the proposi- 
tion. A sequence of homomorphisms G —> G> ---—G,, is said to be exact if at 
each intermediate group G; the kernel of the outgoing map equals the image of in- 
coming map. Thus the proposition states that R(X/A) w, K(X) +R (A) is exact. 
We will be deriving some longer exact sequences below. 


Proof: The inclusion Imq* c Keri* is equivalent to i*q* = 0. Since qi is equal to 
the composition A A/A —> X/A and K(A/A) = 0, it follows that i*q* =0. 

For the opposite inclusion Keri* c Imq”*, suppose the restriction over A of a 
vector bundle p :E— X is stably trivial. Adding a trivial bundle to E, we may assume 
that E itself is trivial over A. Choosing a trivialization h:p '(A) ~AxC", let E/h be 
the quotient space of E under the identifications h~! (x, v) ~ h-!(y,v) for x,y € A. 
There is then an induced projection E/h—xX/A. To see that this is a vector bundle 
we need to find a local trivialization over a neighborhood of the point A/A. 

We claim that since E is trivial over A, it is trivial over some neighborhood of A. 
In many cases this holds because there is a neighborhood which deformation retracts 
onto A, so the restriction of E over this neighborhood is trivial since it is isomorphic 
to the pullback of p~'(A) via the retraction. In the absence of such a deformation 
retraction one can make the following more complicated argument. A trivialization 
of E over A determines sections s;:A—E which form a basis in each fiber over A. 
Choose a cover of A by open sets U; in X over each of which E is trivial. Via a local 
trivialization, each section s; can be regarded as a map from AN U; to a single fiber, 
so by the Tietze extension theorem we obtain a section s;;:U;—E extending s;. If 
{p;p} is a partition of unity subordinate to the cover {U;,X — A} of X, the sum 
>; P;Sij gives an extension of s; to a section defined on all of X. Since these sections 
form a basis in each fiber over A, they must form a basis in all nearby fibers. Namely, 
over U; the extended s;’s can be viewed as a square-matrix-valued function having 
nonzero determinant at each point of A, hence at nearby points as well. 

Thus we have a trivialization h of E over a neighborhood U of A. This induces 
a trivialization of E/h over U/A, so E/h is a vector bundle. It remains only to verify 
that E ~ q*(E/h). In the commutative diagram at the right the PE 
quotient map E—E/h is an isomorphism on fibers, so this map p| | 
and p give an isomorphism E ~ q*(E/h). o0 X a EKA 


There is an easy way to extend the exact sequence K(X/A) K(X) —R(A) to the 
left, using the following diagram, where C and S$ denote cone and suspension: 


AX XUCAS (XUCA)UCX 6 ((XU CA) UCX) UC(X UCA) 


| | | 
X/A SA SX 
In the first row, each space is obtained from its predecessor by attaching a cone on the 
subspace two steps back in the sequence. The vertical maps are the quotient maps 
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obtained by collapsing the most recently attached cone to a point. In many cases the 
quotient map collapsing a contractible subspace to a point is a homotopy equivalence, 
hence induces an isomorphism on K. This conclusion holds generally, in fact: 


| Lemma 2.10. If A is contractible, the quotient map q:X —X/A induces a bijection 
q* :Vect”(X/A)— Vect” (X) for all n. 


Proof: A vector bundle E—xX must be trivial over A since A is contractible. A 
trivialization h gives a vector bundle E/h— X/A as in the proof of the previous 
proposition. We assert that the isomorphism class of E/h does not depend on h. 
This can be seen as follows. Given two trivializations họ and h,, by writing h, = 
(h,hg')ho we see that hy and h, differ by an element of gy € GL,,(C) over each 
point x € A. The resulting map g:A—GL,(C) is homotopic to a constant map 
x + & € GL, (C) since A is contractible. Writing now h, = (hyhp'« ~!) (ahg), we 
see that by composing ho with « in each fiber, which does not change E/hy, we may 
assume that « is the identity. Then the homotopy from g to the identity gives a 
homotopy H from họ to h,. In the same way that we constructed E/h we construct 
a vector bundle (ExI)/H—(X/A)xI restricting to E/hg over one end and to E/h, 
over the other end, hence E/hy = E/h,. 

Thus we have a well-defined map Vect” (X)— Vect” (X/A), Ete E/h. This is an 
inverse to q* since q*(E/h) = E as we noted in the preceding proposition, and for a 
bundle E— X/A we have q*(E)/h = E for the evident trivialization h of q*(E) over 
A o 


From this lemma and the preceding proposition it follows that we have a long 
exact sequence of K groups 


.—>R(SX)—>R(SA)—>R(X/A)—>K(X)—>K(A) 


For example, if X is the wedge sum A v B then X/A = B and the sequence breaks 
up into split short exact sequences, which implies that the map R(X)—R(A)eK(B) 
obtained by restriction to A and B is an isomorphism. 


Deducing Periodicity from the Product Theorem 


We can use the exact sequence displayed above to obtain a reduced version of 
the external product, a ring homomorphism K(X) @K(Y)—R(X AY) where X AY = 
XxXY/XVY and X VY = Xx {Yo} U {xp} XY C XXY for chosen basepoints x) € X 
and Vy € Y. The space X ^ Y is called the smash product of X and Y. To define the 
reduced product, consider the long exact sequence for the pair (Xx Y,X v Y): 


K(S(X x Y)) — K(S(X v Y)) — K(X AY) — K(X XY) — K(XvY) 
l Q 
K(SX)® K(SY) R(X)e K(Y) 
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The second of the two vertical isomorphisms here was noted earlier. The first vertical 
isomorphism arises in similar fashion by using a reduced version of the suspension 
operator which associates to a space Z with basepoint Zọ the quotient space £Z 
of SZ obtained by collapsing the segment {zp )}xJ to a point. The quotient map 
SZ—*XZ induces an isomorphism RSZ) = R(=Z) by the preceding lemma. For 
reduced suspension we have =(X v Y) = =X v XY, which gives the first isomorphism 
in the diagram. The last horizontal map in the sequence is a split surjection, with 
splitting K(X) ®@K(Y) ~K(XxY), (a,b) + p* (a) + pi (b) where p, and p, are the 
projections of X x Y onto X and Y. Similarly, the first map splits via (Sp,)*+(Sp.)*. 
So we get a splitting R(XxY) = K(X AY) @K(X) OR (Y). 

For a € K(X) = Ker(K(X)—K(x,)) and b € K(Y) = Ker(K(Y)—K(yp)) the 
external product a x b = př (a)p3(b) € K(XxY) has př (a) restricting to zero in 
K(Y) and pž (b) restricting to zero in K(X), so p; (a)ps (b) restricts to zero in both 
K(X) and K(Y), hence in K(X v Y). In particular, a x b lies in K(XxY), and from 
the short exact sequence above, a x b pulls back to a unique element of R(X AY). 
This defines the reduced external product R(X) @K(Y) R(X AY). It is essentially 
a restriction of the unreduced external product, as shown in the following diagram, 


K(X) @K(Y) = (K(X) @K(Y)) @OK(X) @K(Y) OZ 
| l | | | 


K(XxY) ~ K(XAY) © K(X)@eK(Y)eZ 
so the reduced external product is also a ring homomorphism, and we shall use the 
same notation a * b for both reduced and unreduced external product, leaving the 
reader to determine from context which is meant. 

Since S” ^ X is the n-fold iterated reduced suspension £” X , which is a quotient 
of the ordinary n-fold suspension S"X obtained by collapsing an n-disk in S"X toa 
point, the quotient map S"X > S” ^ X induces an isomorphism on K by Lemma 2.10. 
Then the reduced external product gives rise to a homomorphism 


B:R(X)—K(S°X), Bla) =(H-1)xa 


where H is the canonical line bundle over S? = CP!. Here at last is the Bott Periodicity 
Theorem: 


Theorem 2.11. The homomorphism B:K(X)—>K(S°X), B(a) = (H -1) x a, is an 
isomorphism for all compact Hausdorff spaces X. 


Proof: The map £ is the composition 
K(X) — R(S*) o K(X) — K(S°X) 


where the first map a +> (H — 1) sa is an isomorphism since K(S*) is infinite cyclic 
generated by H — 1, and the second map is the reduced external product, so the 
fact that this is an isomorphism is equivalent to the Product Theorem proved in the 
previous section, by the diagram displayed above. oO 
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Corollary 2.12. K(S2"*!) = 0 and K(S2") ~ Z, generated by the n-fold reduced 
external product (H — 1) *---* (H-1). 


Extending to a Cohomology Theory 


AS we Saw earlier, a pair (X, A) of compact Hausdorff spaces gives rise to an exact 
sequence of K groups, the first row in the following diagram: 


K(S°X) > K(S*A) > K(S(X/A)) > K(SX) > K(SA) > K(X/A) > K(X) > K(A) 
| l | | | l l l 
K °(X) > K *(A) > KX, A) > KX)>RK A) > K%(X,A) > K(X) > KA) 
bis pie 
K(X) — KA) 
If we set K-"(X) = R(S"X) and K~"(X,A) = R(S"(X/A)), this sequence can be 
written as in the second row. Negative indices are chosen here so that the ‘coboundary’ 
maps in this sequence increase dimension, as in ordinary cohomology. The lower 
left corner of the diagram containing the Bott periodicity isomorphisms $ commutes 
since external tensor product with H —1 commutes with maps between spaces. So the 
long exact sequence in the second row can be rolled up into a six-term periodic exact 
sequence. It is reasonable to extend the definition of R” to positive n by setting 
R(X) = K(X) and R*'*!(x) = K(SX). Then the six-term exact sequence can be 
written 
K (X,A) — K(X) — RA) 
| | 
RA) —— KX) — K (X,A) 

A product Ri(X) eR (Y)— KRX ^ Y) is obtained from the external product 
K(X) @R(Y) R(X AY) by replacing X and Y by SÍX and S/Y. If we define K* (X) = 
K°(X) ®K!(X), then this gives a product K*(X) @K*(Y) ~R*(X A Y). The relative 
form of this is a product K*(X, A) R* (Y, B) >R* (Xx Y, XX BUAXY), coming from 
the products K(='(X/A)) @K(S4(Y/B)) — K(="*4(X/A A Y/B)) using the natural 
identification (Xx Y)/(XxBUAXY) =X/AAY/B. 

If we compose the external product K*(X) @K*(X) > K*(X A X) with the map 
K*(X A X)—K*(X) induced by the diagonal map X—>X A X, x + (x,x), then we 
obtain a multiplication on K*(X) making it into a ring, and it is not hard to check that 
this extends the previously defined ring structure on R°(X). The general relative form 
of this product on K*(X) is a product K*(X, A) @K*(X,B) >K*(X, A UB) which is 
induced by the relativized diagonal map X/(A UB)—X/AA X/B. 


Example 2.13. Suppose that X = AUB where A and B are compact contractible 
subspaces of X containing the basepoint. Then the product K*(X) @K*(X) > K*(X) 
is identically zero since it is equivalent to the composition 


K* (X, A) @K* (X, B) >R*(X, AU B) > R* (X) 
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and K*(X,AUB) = 0 since X = AUB. For example if X is asuspension we can take A 
and B to be its two cones, with a basepoint in their intersection. As a particular case we 
see that the product in K*(S") ~ Z is trivial for n > 0. For n = 0 the multiplication 
in K*(S°) = Z is just the usual multiplication of integers since R” @R” = R”” , This 
illustrates the necessity of the condition that A and B both contain the basepoint of 
X, since without this condition we could take A and B to be the two points of S°. 

More generally, if X is the union of compact contractible subspaces A,,---,A, 
containing the basepoint then the n-fold product 


K*(X,A,)® --- @K*(X,A,) ~K*(X,A, U- -- UA) 


is trivial, so all n-fold products in R*(X) are trivial. In particular all elements of 
R*(X) are nilpotent since their nt” power is zero. This applies to all compact mani- 
folds for example since they are covered by finitely many closed balls, and the condi- 
tion that each A; contain the basepoint can be achieved by adjoining to each ball an 
arc to a fixed basepoint. In a similar fashion one can see that this observation applies 
to all finite cell complexes, by induction on the number of cells. 


Whereas multiplication in K(X) is commutative, in K*(X) this is only true up to 
sign: 


| Proposition 2.14. xp = (-1)4 Ba for & € R'(X) and Be RI(X). 
Proof: The product is the composition 
RS A X) @K(SI AX) — RSE ASI AX AX) SKR(S' ASI AX) 


where the first map is external product and the second is induced by the diagonal 
map on the X factors. Replacing the product «wf by the product Ba amounts to 
switching the two factors in the first term K(S' ^a X) @K(S/ ^ X), and this corresponds 
to switching the St and SÍ factors in the third term K(S! A SÍ A X). Viewing SÉ a S7 
as the smash product of i+ j copies of S', then switching St and SÍ in S' A S/ is 
a product of ij transpositions of adjacent factors. Transposing the two factors of 
St ^ S} is equivalent to reflection of S? across an equator. Thus it suffices to see that 
switching the two ends of a suspension SY induces multiplication by —1 in K(SY). 
If we view K(SY) as [Y,U] where U is the infinite unitary group, the union of the 
groups U(n), then switching ends of SY corresponds to the map U— U sending a 
matrix to its inverse. By the argument in Example 1.13 the group operation in K(SY) 
is the same as the operation induced by the product in U, so the result follows. oO 


Proposition 2.15. The exact sequence at the right is an K*(X,A) — K*(X) 
exact sequence of K*(X)-modules, with the maps homo- ba a 
morphisms of K* (X)- modules. K*(A) 
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The K*(X)-module structure on K* (A) is defined by £- æ = i* (€)« where i is the 
inclusion A — X and the product on the right side of the equation is multiplication 
in the ring K*(A). To define the module structure on K*(X, A), observe that the 
diagonal map X — X ^ X induces a well-defined quotient map X/A—X ^ X/A, and 
this leads to a product K*(X) @K*(X, A) >R*(X, A). 


Proof: To see that the maps in the exact sequence are module homomorphisms we 
look at the diagram 


K(S/SA) K(S/(X/A)) K(S!X) K(S/A) 
K(S'X A SISA) — K(S'X ^ S1(X/A)) — K(S'X A SIX) — K(S'XA S/A) 
K(S'SA) K(S'*/(X/A)) KSX) K(S'™A) 
where the vertical maps between the first two rows are external product with a fixed 
element of K(S‘X) and the vertical maps between the second and third rows are 
induced by diagonal maps. What we must show is that the diagram commutes. For the 
upper two rows this follows from naturality of external product since the horizontal 
maps are induced by maps between spaces. The lower two rows are induced from 


suspensions of maps between spaces, 


X A SA <— XA X/A — XAX —XAA 


| | | I 


SA X/A X A 


so it suffices to show this diagram commutes up to homotopy. This is obvious for the 


middle and right squares. The left square can be rewritten 


XA SA — X^a(XUCA) 
SA XUCA 


where the horizontal maps collapse the copy of X in X UCA toa point, the left vertical 
map sends (a,s) E SA to (a,a,s) E X ^A SA, and the right vertical map sends x € X 
to (x,x) E€ X UCA and (a,s) € CA to (a,a,s) E X A CA. Commutativity is then 
obvious. Oo 


It is often convenient to have an unreduced version of the groups K” (X), and this 
can easily be done by the simple device of defining K"(X) to be K"(X,) where X, is 
X with a disjoint basepoint labeled ‘+’ adjoined. For n = 0 this is consistent with the 
relation between K and K since K°(X) = K°(X,) = K(X,) = Ker(K(X,) >K(+4)) = 
K(X). For n = 1 this definition yields K!(X) = K!(X) since S(X,) = SX v S! and 
K(SX v S!) = K(SX) ®K(S') ~ K(SX) since K(S') = 0. Fora pair (X,A) with A + Ø 
one defines K"(X, A) = K"(X, A), and then the six-term long exact sequence is valid 
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also for unreduced groups. When A = Ø this remains valid if we interpret X/@ as 
Ko 

Since X, AY, = (XxY),, the external product K* (X) 8 K*(Y)—K*(X ^Y) gives 
a product K*(X)8K*(Y)—K*(XxY). Taking X = Y and composing with the map 
K*(XxX)—K*(X) induced by the diagonal map X—XxX, x => (x,x), we get a 
product K*(X)8K*(X)—K*(X) which makes K*(X) into a ring. 

There is a relative product KÝ (X, A) 8K (Y, B)—>KtÍ(XxY,XxB U AXY) de- 
fined as the external product K(="(X/A)) @K (Sİ (Y /B)) — K (Sİ (X/A ^ Y/B)), us- 
ing the natural identification (Xx Y)/(XxBUAxY) =X/AA Y/B. This works when 
A = © since we interpret X/@ as X,, and similarly if Y = ©. Via the diagonal map 
we obtain also a product K'(X, A) @K1(X, B) > K(X, AUB). 

With these definitions the preceding two propositions are valid also for unreduced 
K-groups. 
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2.3. Division Algebras and Parallelizable Spheres 


With the hard work of proving Bott Periodicity now behind us, the goal of this 
section is to prove Adams’ theorem on the Hopf invariant, with its famous applications 
including the nonexistence of division algebras beyond the Cayley octonions: 


Theorem 2.16. The following statements are true only for n = 1, 2, 4, and 8: 

(a) R” is a division algebra. 

(b) S$"! is parallelizable, i.e., there exist n — 1 tangent vector fields to S"~! which 
are linearly independent at each point, or in other words, the tangent bundle to S"~! 
is trivial. 


A division algebra structure on R” is a multiplication map R” x R” — R” such 
that the maps x — ax and x + xa are linear for each a € R” and invertible if a + 0. 
Since we are dealing with linear maps R” — R” , invertibility is equivalent to having 
trivial kernel, which translates into the statement that the multiplication has no zero 
divisors. An identity element is not assumed, but the multiplication can be modified 
to produce an identity in the following way. Choose a unit vector e € R”. After 
composing the multiplication with an invertible linear map R” — R” taking e? toe 
we may assume that e* = e. Let x be the map x— xe and $ the map x ex. The new 
product (x, y) => « !(x)B-'(y) then sends (x,e) to t(x) pi (e) = atoe = x, 
and similarly it sends (e, y) to y. Since the maps x ax and x + xa are surjective 
for each a = 0, the equations ax = e and xa = e are solvable, so nonzero elements 
of the division algebra have multiplicative inverses on the left and right. 


H-Spaces 


The first step in the proof of the theorem is to reduce it to showing when the 
sphere S$”! is an H-space. 

To say that S$"! is an H-space means there is a continuous multiplication map 
sly gn-1_, 5"! having a two-sided identity element e € S"~!. This is weaker than 
being a topological group since associativity and inverses are not assumed. For exam- 
ple, St, $3, and S’ are H-spaces by restricting the multiplication of complex numbers, 
quaternions, and Cayley octonions to the respective unit spheres, but only St and S° 
are topological groups since the multiplication of octonions is nonassociative. 


Lemma 2.17. If R” is a division algebra, or if S"~' is parallelizable, then S"~! is 
an H-space. 


Proof: Having a division algebra structure on R” with two-sided identity, an H-space 
structure on S$”! is given by (x, y) xy/|xy|, which is well-defined since a division 
algebra has no zero divisors. 

Now suppose that $”~! is parallelizable, with tangent vector fields v,,---,Uy)_1 
which are linearly independent at each point of S”~!. By the Gram-Schmidt process we 


60 Chapter 2 Complex K-Theory 


may make the vectors x,v,(X),*+-,UV,_,(x) orthonormal for all x € S""'. We may 
assume also that at the first standard basis vector e, , the vectors v} (e1), ***, Un-1(€1) 
are the standard basis vectors e>,---,e,, by changing the sign of v,,_, if necessary 
to get orientations right, then deforming the vector fields near e,. Let a, E€ SO(n) 
send the standard basis to x,v,(x),:-:-:,U,_,(x). Then the map (x,y) => a,(y) 
defines an H-space structure on S"~! with identity element the vector e} since Qe, 
is the identity map and «,(e,) = x forall x. Oo 


Before proceeding further let us list a few easy consequences of Bott periodicity 
which will be needed. 

(1) We have already seen that K(S”) is Z for n even and 0 for n odd. This comes 
from repeated application of the periodicity isomorphism R(X) = K(S? X), a 
& x (H — 1), the external product with the generator H — 1 of K(S*), where H is 
the canonical line bundle over S? = CP’. In particular we see that a generator of 
K(S°*) is the k-fold external product (H —1)x---x* (H — 1). We note also that 
the multiplication in K(S**) is trivial since this ring is the k-fold tensor product 
of the ring K(S*), which has trivial multiplication by Corollary 2.3. 

(2) The external product K(S**) @K(X)— K(S°* ^ X) is an isomorphism since it is 
an iterate of the periodicity isomorphism. 

(3) The external product K(S**) @K(X)—K(S** xX) is an isomorphism. This fol- 
lows from (2) by the same reasoning which showed the equivalence of the reduced 
and unreduced forms of Bott periodicity. Since external product is a ring homo- 
morphism, the isomorphism RS? a X) = K(S7*) @K(X) isa ring isomorphism. 
For example, since K (S**) can be described as the quotient ring Z[&]/ (a?) , we 
can deduce that K(S** x S°”) is Z[«, B]/(&?, B?) where « and £ are the pullbacks 
of generators of K(S**) and K(S*“) under the projections of S**x S% onto its 
two factors. An additive basis for K(S**x S$") is thus {1, , B, xB}. 


We can apply the last calculation to show that S** is not an H-space if k > 0. 
Suppose p:S°*xS**-+5** is an H-space multiplication. The induced homomor- 
phism of K-rings then has the form p* :Z[y]/(y*) > Z[«, B]/(«’, B*). We claim that 
u(y) = «+8 +mef for some integer m. The composition ghar gah at ek 
is the identity, where i is the inclusion onto either of the subspaces S**x{e} or 
{e}xS** with e the identity element of the H-space structure. The map i* for i the 
inclusion onto the first factor sends « to y and £ to 0, so the coefficient of « in u* (y) 
must be 1. Similarly the coefficient of B must be 1, proving the claim. However, this 
leads to a contradiction since it implies that u*(y*) = («+ B + maß)? = 2aß + 0, 
which is impossible since y? = 0. 


There remains the much more difficult problem of showing that S"~! is not an 
H-space when n is even and different from 2, 4, and 8. The first step is a simple 
construction which associates toa map g:S" 'xs"!—5""! a map g:s°*" |= sS". 
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To define this, we regard S*”"! as (D"xD") = dD"xD" UD" xaD", and S” we 
take as the union of two disks D}? and D” with their boundaries identified. Then 
g is defined on 0D" xD" by g(x,y) = |yvlg(x,y/|yv|) € DY and on D"xdD"” by 
(x,y) = |xlg(x/|x|l,y) € D”. Note that g is well-defined and continuous, even 
when |x| or |y] is zero, and ĝ agrees with g on S” ! xs", 

Now we specialize to the case that n is even, so we replace n by 2n. For a map 
iS S?” let Cy be 5°" with a cell ef” attached by f. The quotient Cp /S" is 
then S*”, and since K!(S*") = K!(S*”) = 0, the exact sequence of the pair (Cp, S") 
becomes a short exact sequence 


0 — K(S*") — K(Cy) > K(S*") > 0 


Let & € K(Cy) be the image of the generator (H — 1) x --- x (H — 1) of RS”) 
and let B € K(C,) map to the generator (H — 1) x --- x (H — 1) of K(S*"). The 
element 8° maps to 0 in K(S°") since the square of any element of K(S°") is zero. 
So by exactness we have $° = ha for some integer h called the Hopf invariant of f . 
To see that h is well-defined, independent of the choice of f, note that $ is unique 
up to adding a multiple of «, and (B + ma)? = B? + 2maB since a” = 0, so it 
will suffice to show that œf = 0. Since « maps to O in K(S°"), so does apf, hence 
op = ka for some integer k. Multiplying the equation kx = «xf on the right by f 
gives kxB = aß? = x(ha) = ha’, and this is 0 since œ? = 0. Thus kaæß = 0, which 
implies «6 = 0 since of lies in an infinite cyclic subgroup of RC f), the image of 
KSN; 


Lemma 2.18. If g:5°""!xs?""!—5?""! is an H-space multiplication, then the as- 
sociated map g:S*"-!— S°” has Hopf invariant +1. 


Proof: Let e € S*""! be the identity element for the H-space multiplication, and let 
f =g. In view of the definition of f it is natural to view the characteristic map ® of 
the 4n-cell of C; as a map (D*"x D*",d(D*" x D*")) > (Cp, S°”). In the following 
commutative diagram the horizontal maps are the product maps. The diagonal map is 
external product, equivalent to the external product K (S°") @ K(S°") > K(S*"), which 
is an isomorphism since it is an iterate of the Bott periodicity isomorphism. 
K(C,) ® K(C,) K(C,) 
K(C,,D*") ® K(C,,D%") K(C,,S*") 
oe o* | |z 
K(D*"x D” ðD” xD”) @ K(D” x D” D” x 3D”) — RK(D” x D” a(D*" x D*")) 
K(D*" x{e}, oD" x{e}) @ K({e}x D” {e} x aD*™") 


By the definition of an H-space and the definition of f, the map ® restricts to a 
homeomorphism from D?” x {e} onto D?” and from {e}x D?” onto D2". It follows 
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that the element £ e f in the upper left group maps to a generator of the group in the 
bottom row of the diagram, since f restricts to a generator of K(S°") by definition. 
Therefore by commutativity of the diagram, the product map in the top row sends 
Bep to +a since « was defined to be the image of a generator of RC 2 S°”). Thus 
we have $°? = +a, which says that the Hopf invariant of f is +1. o 


In view of this lemma, Theorem 2.16 becomes a consequence of the following 
theorem of Adams: 


| Theorem 2.19. There exists a map f: girl _,§°" of Hopf invariant +1 only when 
n=1,2,or4. 


The proof of this will occupy the rest of this section. The argument will in fact 
rule out maps whose Hopf invariant is any odd number when n # 1, 2,4. 


Adams Operations 


The Hopf invariant is defined in terms of the ring structure in K-theory, but in 
order to prove Adams’ theorem, more structure is needed, namely certain ring homo- 
morphisms wk :K(X)— K(X). Here are their basic properties: 


‘Theorem 2.20. There exist ring homomorphisms wk :K(X)— K(X), defined for all 
compact Hausdorff spaces X and all integers k = 0, and satisfying: 
(1) w*f* = f*w* for all maps f:X—Y. (Naturality) 
(2) w*(L) = LÝ if L is a line bundle. 
(3) weep! =p. 
(4) y” (&) = a? mod p for p prime. 
This last statement means that Y” (œ) — x? = pB for some B € K(X). 

In the special case of a vector bundle E which is a sum of line bundles L;, prop- 
erties (2) and (3) give the formula w*(L,®--- @L,) =Lk +---+L*. We would like 
a general definition of WK(E ) which specializes to this formula when E is a sum of 
line bundles. The idea is to use the exterior powers AK(E). From the corresponding 
properties for vector spaces we have: 

(i) AK(E, 8E) = Q; (A(E,) @A* “(E,)). 

A°(E) = 1, the trivial line bundle. 

à (E) =E. 

(iv) AK(E) = 0 for k greater than the maximum dimension of the fibers of E. 


) 
(ii) 
(iii) 
) 
Recall that we want w*(E) to be Lk + --- +L when E = L,®---@L,, for line 
bundles L;. We will show in this case that there is a polynomial s, with integer 
coefficients such that LK +---+L* = sp (A1 (E), - - - , AK (E)). This will lead us to define 
wk (E) = s,(A'(E), ..-,A*(E)) for an arbitrary vector bundle E. 
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To see what the polynomial są should be, we first use the exterior powers AT (E) 
to define a polynomial A, (E) = X; A (E)tt € K(X)[t]. This is a finite sum by property 
(iv), and property (i) says that A, (E; SE) = A (E1)A (E2). When E = L,;®--- @L, 
this implies that A; (E) = [1,A;(L,;), which equals [],(1 + L;t) by (i), Gii), and (iv). 
The coefficient A/(E) of t/ in A,(E) = [],(1 + L;t) is the jt elementary symmetric 
function g; of the L;’s, the sum of all products of j distinct L;’s. Thus we have 


(x) AÏ (E) = o;(L tes La) if E=L,0---@L, 


To make the discussion completely algebraic, let us introduce the variable t; for 
Li. Thus (1+f,)---(1+t,) =1+0,+---+0,, where g; is the jt” elementary sym- 
metric polynomial in the t;’s. The fundamental theorem on symmetric polynomials, 
proved for example in [Lang, p. 134] or [van der Waerden, §26], asserts that every de- 
gree k symmetric polynomial in t,,---,t,, can be expressed as a unique polynomial 
in 0,,---+,0,. In particular, tk + ---4+4t* is a polynomial S$, (O1,°°+,0;%), called a 
Newton polynomial. This polynomial są is independent of n since we can pass from 
n to n- 1 by setting t,, = 0. A recursive formula for sẹ is 


SEAS pp SOS DY oea HEH) hoy 
To derive this we may take n = k, and then if we substitute x = —t; in the identity 
(x +t) (ett) =x" topx*14+.--- +0, we get tf = o,t 1----4+(-1)* lay. 
Summing over i then gives the recursion relation. The recursion relation easily yields 
for example 


5, =0 Sy = 0% -20 Sa = 0? — 30,05 + 30 
1 =O; 2 = Oj 2 3 = Oj 192 3 


S4 = OF — 407 0» + 40103 205 — 40,3 


Summarizing, if we define w*(E) = s (A! (E), » --,A*(E)), then in the case that E 
is a sum of line bundles L} ® --- @L, we have 
wk(E) = s (A! (E), - + + ,A¥(E)) 
= Ssk(0 (Liste, Ln) s On(L1,°°+,Ly)) by (*) 


=I% +... +E 


Verifying that the definition WK(E )= Sp (à! (E J, -= =, ECE) gives operations on 
K(X) satisfying the properties listed in the theorem will be rather easy if we make 
use of the following general result: 


The Splitting Principle. Given a vector bundle E—X with X compact Hausdorff, 
there is a compact Hausdorff space F(E) and a map p:F(E)—X_ such that the in- 
duced map p*:K*(X)—K*(F(E)) is injective and p*(E) splits as a sum of line 
bundles. 


This will be proved later in this section, but for the moment let us assume it and 
proceed with the proof of Theorem 2.20 and Adams’ theorem. 
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Proof of Theorem 2.20: Property (1) for vector bundles, f*(w*(E)) = w*(f*(E)), 
follows immediately from the relation f*(A‘(E)) = A'(f*(E)). Additivity of w* for 
vector bundles, w*(E, ® E) = w*(E,) + w*(E>), follows from the splitting principle 
since we can first pull back to split E; then do a further pullback to split E,, and the 
formula y*(L,®--- @L,) = Lk +---+L* preserves sums. Since w* is additive on 
vector bundles, it induces an additive operation on K(X) defined by w*(E, — E>) = 
w*(E,) — yY“ (Ep). 

For this extended yk the properties (1) and (2) are clear. Multiplicativity is also 
easy from the splitting principle: If E is the sum of line bundles L; and E’ is the sum 
of line bundles L}, then E&F’ is the sum of the line bundles L; 8L}, so w*(E@E’) = 
Tig (LOL) = Za (L DL) = Saj LYOL = X LSS jL" = wpe). Thus 
w* is multiplicative for vector bundles, and it follows formally that it is multiplicative 
on elements of K(X). For property (3) the splitting principle and additivity reduce 
us to the case of line bundles, where wk we (L)) = IYS y% (L). Likewise for (4), if 
E=L +- +L, then Y” (E) =L] +... +L8 = (L+ +L) =E” modp. o 


By the naturality property (1), wk restricts to an operation wk -K(X) R(X) since 
K(X) is the kernel of the homomorphism K(X) — K (Xo) for Xo € X. For the external 
product K(X) @K(Y)—R(X ^ Y), we have the formula wk (a x B) = w*(a) x p(B) 
since if one looks back at the definition of œ x B, one sees this was defined as 
pi (x) p(B), hence 

w* (oe x B) = p* (py (œ pž (B)) 


= w* (p¥ (œ) w* (pi (B)) 
= p*(w*(ax)) pi (w*(B)) 
= wk (a) x w*(B). 


This will allow us to compute wk on K(S°") = Z. In this case yk must be 
multiplication by some integer since it is an additive homomorphism of Z. 


|| Proposition 2.21. w*:K(S?") > K(S*") is multiplication by k”. 
Proof: Consider first the case n = 1. Since wk is additive, it will suffice to show 
wk(a) = ka for «a generator of K(S*). We can take « = H —1 for H the canonical 
line bundle over S* = CP!. Then 
w*(x) = w*(H -1) = H*-1_ by property (2) 
=(l+a)k-1 
=l+ka-—1_ since a’ =(H-1)'=0fori= 2 
= ka 
When n > 1 we use the external product K(S*) @K(S°""*) > K(S*"), which is 
an isomorphism, and argue by induction. Assuming the desired formula holds in 


Division Algebras Section 2.3. | 65 


K(s°*"-*), we have y¥ (a x B) = wk(a) x wk(B) = ka xk” 'B = k” (œ * B), and we 
are done. o 


Now we can use the operations y° and y? and the relation w*y? = w® = yey 
to prove Adams’ theorem. 


Proof of Theorem 2.19: The definition of the Hopf invariant of a map f:S*"-!—s*" 
involved elements a, B € K(C,). By Proposition 2.21, wk (a) = k” a since « is the 
image of a generator of K(S*”). Similarly, w*(B) = k"B + Hg& for some ug € Z. 
Therefore 


wk" (B) = YW*R + uea) = kK"E"B + (K2" up + EU, 


Since wey = wk’ = ww, the coefficient k°” up + £" uy, of & is unchanged when k 
and £ are switched. This gives the relation 


k” Up +L” ug — C7 uy + k” up, or ea" _ k") up = (per = Luk 


By property (4) of w*, we have y? (B) = B? mod 2. Since B* = ha with h the Hopf 
invariant of f, the formula w*(B) = 2”B + Uə& implies that u, = h mod 2, so p, is 
odd if we assume h is +1 or any odd number. By the preceding displayed formula 
we have (22" — 2”); = (3°" — 3"), or 2”(2” — 1)u3 = 3”(3” — 1)up, so 2” divides 
3”(3” — 1). Since 3” and p, are odd, 2” must then divide 3” — 1. The proof is 
completed by the following elementary number theory fact. o 


ll Lemma 2.22. If 2” divides 3” —1 then n = 1,2, or 4. 


Proof: Write n = 2m with m odd. We will show that the highest power of 2 dividing 
3” — 1 is 2 for £ = 0 and 2°* for £ > 0. This implies the lemma since if 2” divides 
3” — 1, then by this fact, n < £ +2, hence 2° < 24m =n < £ +2, which implies £ < 2 
and n < 4. The cases n = 1,2,3,4 can then be checked individually. 

We find the highest power of 2 dividing 3” — 1 by induction on £. For £ = 0 
we have 3” — 1 = 3” —1 = 2 mod 4 since 3 = —1 mod 4 and m is odd. In the next 
case £ = 1 we have 3” —1 = 3°" — 1 = (3™ — 1)(3™ +1). The highest power of 2 
dividing the first factor is 2 as we just showed, and the highest power of 2 dividing 
the second factor is 4 since 3" + 1 = 4 mod 8 because 3° = 1 mod 8 and m is 
odd. So the highest power of 2 dividing the product (3% — 1)(3™ + 1) is 8. For the 
inductive step of passing from £ to £ + 1 with £ = 1, or in other words from n to 
2n with n even, write 3°" — 1 = (3” — 1)(3” + 1). Then 3” +1 = 2 mod 4 since n 
is even, so the highest power of 2 dividing 3” + 1 is 2. Thus the highest power of 2 


g2n 


dividing — 1 is twice the highest power of 2 dividing 3” — 1. oO 
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The Splitting Principle 


The splitting principle will be a fairly easy consequence of a general result about 
the K-theory of fiber bundles called the Leray-Hirsch theorem, together with a calcu- 
lation of the ring structure of K*(CP”). The following proposition will allow us to 
compute at least the additive structure of K*(CP”). 


Proposition 2.23. If X is a finite cell complex with n cells, then K*(X) is a finitely 
generated group with at most n generators. If all the cells of X have even dimension 
then K'(X) = 0 and K°(X) is free abelian with one basis element for each cell. 


The phrase ‘finite cell complex’ would normally mean ‘finite CW complex’ but we 
can take it to be something slightly more general: a space built from a finite discrete set 
by attaching a finite number of cells in succession, with no conditions on the dimen- 
sions of these cells, so cells are not required to attach only to cells of lower dimension. 
Finite cell complexes are always homotopy equivalent to finite CW complexes (by de- 
forming each successive attaching map to be cellular) so the only advantages of finite 
cell complexes are technical. In particular, it is easy to see that a space is a finite cell 
complex if it is a fiber bundle over a finite cell complex with fibers that are also finite 
cell complexes. This is shown in Proposition 2.28 in a brief appendix to this section. 
It implies that the splitting principle can be applied staying within the realm of finite 
cell complexes. 


Proof: We show this by induction on the number of cells. The complex X is obtained 
from a subcomplex A by attaching a k-cell, for some k. For the pair (X,A) we 
have an exact sequence K*(X/A) — K*(X) — K* (A). Since X/A = S*, we have 
RK*(X/A) ~ Z, and exactness implies that R*(X) requires at most one more generator 
than K* (A). 

The first term of the exact sequence K!(X/A)—K!(X)—K!(A) is zero if all 
cells of X are of even dimension, so induction on the number of cells implies that 
K'(X) = 0. Then there is a short exact sequence 0— K°(X/A) > R°(X) > R°(A) > 0 
with K°(X/A) = Z. By induction K(A) is free, so this sequence splits, hence K°(X) = 
Z®K°(A) and the final statement of the proposition follows. oO 


This proposition applies in particular to CP”, which has a cell structure with one 
cell in each dimension 0, 2,4,---,2n,so K!(CP”) = 0 and K°(CP") = Z"*!. The ring 
structure is as simple as one could hope for: 


Proposition 2.24. K(CP”) is the quotient ring Z[L]/(L-— 1)"*! where L is the canon- 
ical line bundle over CP". 


Thus by the change of variable x = L—1 we see that K(CP”) is the truncated poly- 
nomial ring Z[x]/(x"*'), with additive basis 1,x,---,x". It follows that 1,L,---,L” 
is also an additive basis. 
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Proof: The exact sequence for the pair (CP”, CP”) gives a short exact sequence 
0 — K(CP", CP™!) — K(CP") > K(CP""!) 0 

We shall prove: 

(an) (L — 1)” generates the kernel of the restriction map p. 


Hence if we assume inductively that K(CP”"') = Z[L]/(L — 1)", then (a„) and the 
preceding exact sequence imply that {1,L —1,---,(L—1)"} is an additive basis for 
K(CP"). Since (L — 1)"*! = 0 in K(CP") by (a,,,), it follows that K(CP”) is the 


yet 


quotient ring Z[L]/(L — 1 , completing the induction. 

A reason one might expect (a,,) to be true is that the kernel of p can be identi- 
fied with K(CP”, CP""!) = R(S*") by the short exact sequence, and Bott periodicity 
implies that the n-fold reduced external product of the generator L — 1 of R(S?) 
with itself generates K(S*”). To make this rough argument into a proof we will have 
to relate the external product K (S°) e --- @K(S*)—K(S*") to the ‘internal’ product 
K(CP") 8 --- @K(CP”)— K(CP"). 

The space CP” is the quotient of the unit sphere $7"*! in C”*! under multipli- 
cation by scalars in St c C. Instead of $*"*! we could equally well take the boundary 
of the product Dé x - - - x Dé, where D? is the unit disk in the it” coordinate of C"*', 
and we start the count with i = 0 for convenience. Then we have 


(DEX +++ XDZ) =U,(Dox +--+ xdD?x +--+ XDZ) 


The action of St by scalar multiplication respects this decomposition. The orbit space 
of Dox +- xdD?x --- x DÊ under the action is a subspace C; c CP” homeomorphic 
to the product Dx --- xD, with the factor D? deleted. Thus we have a decompo- 
sition CP” = U; C; with each C; homeomorphic to D°” and with C; n C; = 3C; 9 ðC) 
for i + j. 

Consider now Cy = Dix --- XD%. Its boundary is decomposed into the pieces 
0,Cy = Dix +++ XD? X +--+ XDZ. The inclusions (D?,dD?) c (Co, 0;Cg) C (CP”, C;) 
give rise to a commutative diagram 


K(D?, ðD?) 8 +++ ® K(D2,dD;) 


w 
~ ~ 
~ 


K(C,, ðC) 8 8 K(Co,0nCo) 


K(Co, 9Co) 


~ 
~ 


K(CP",C,) 8 «++ ® K(CP",C,,) —— K(CP",C, U =U Cp) —. K(CP”, CP” ') 
K(CP") ® =- ® K(CP") K(CP") 
where the maps from the first column to the second are the n-fold products. The 


w 
~ 


upper map in the middle column is an isomorphism because the inclusion Co ~ CP” 
induces a homeomorphism Cy/@Cy ~ CP"/(C,U: + -UC,,). The CP"! at the right side 
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of the diagram sits in CP” in the last n coordinates of C”*', so is disjoint from Co, 
hence the quotient map CP” / CP”! — CP”/(C, U- + -UC,,) is a homotopy equivalence. 

The element x; € K(CP”, C;) mapping downward to L-1 € K(CP”) maps upward 
to a generator of K(Cy,0;Cy) ~ K(D?,0D?). By commutativity of the diagram, the 


product x,---x,, then generates K(CP”,C, U---UC,,). This means that (L — 1)” 
generates the image of the map K(CP”, CP” !) + K(CP"), which equals the kernel of 
p, proving (an). m 


Since CP” is the union of the n +1 balls C;, Example 2.13 shows that all products 
of n +1 elements of K(CP”) must be zero, in particular (L — 1)"*! = 0. But as we 
have just seen, (L — 1)” is nonzero, so the result in Example 2.13 is best possible in 
terms of the degree of nilpotency. 

Now we come to the Leray-Hirsch theorem for K-theory, which will be the major 
theoretical ingredient in the proof of the splitting principle: 


Theorem 2.25. Let p:E—B bea fiber bundle with E and B compact Hausdorff and 
with fiber F such that K*(F) is free. Suppose that there exist classes C,,--+,Cy € 
K* (E) that restrict to a basis for K* (F) in each fiber F. If either 

(a) B is a finite cell complex, or 

(b) F is a finite cell complex having all cells of even dimension, 

then K* (E), as a module over K*(B), is free with basis {c,,+-+,C,}. 


Here the K*(B)-module structure on K*(E) is defined by B - y = p*(B)y for 
B € K*(B) and y € K*(E). Another way to state the conclusion of the theorem is 
to say that the map ®:K*(B) ®K*(F)—>K*(E), ®(¥,b;i*(c;)) = X; p* (bpc; for i 
the inclusion F > E, is an isomorphism. 

In the case of the product bundle E = F xB the classes c; can be chosen to be the 
pullbacks under the projection E—F of a basis for K* (F). The theorem then asserts 
that the external product K* (F) ®K*(B)—K*(F xB) is an isomorphism. 

For most of our applications of the theorem either case (a) or case (b) will suffice. 
The proof of (a) is somewhat simpler than (b), and we include (b) mainly to obtain the 
splitting principle for vector bundles over arbitrary compact Hausdorff base spaces. 


Proof: For a subspace B’ c B let E’ = p~'(B’). Then we have a diagram 


— K*(B,B’) @ K*(F) —> K*(B) @ K*(F) — K*(B’) @ K*(F) — 
(«) |2 |® a 
K*(E,E’) K*(E) K*(E’) 
where the left-hand © is defined by the same formula (X; b; 2 i*(c;)) = X; p* (b,)c;, 
but with p*(b;)c; referring now to the relative product K* (E, E’) x K*(E) > K*(E,E’). 
The right-hand © is defined using the restrictions of the c;’s to the subspace E’. To 


see that the diagram (x) commutes, we can interpolate between its two rows the row 


— K*(E,E’) @K*(F) — K*(E) ®K*(F) — K*(E’) @K* (F) > 
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by factoring ® as the composition >; b; @i* (c;) = 5; p* (bj) @i* (c BD p* (bci. 
The upper squares of the enlarged diagram then commute trivially, and the lower 
squares commute by Proposition 2.15. The lower row of the diagram is of course 
exact. The upper row is also exact since we assume K*(F) is free, and tensoring 
an exact sequence with a free abelian group preserves exactness, the result of the 
tensoring operation being simply to replace the given exact sequence by the direct 
sum of a number of copies of itself. 

The proof in case (a) will be by a double induction, first on the dimension of B, 
then within a given dimension, on the number of cells. The induction starts with the 
trivial case that B is zero-dimensional, hence a finite discrete set. For the induction 
step, suppose B is obtained from a subcomplex B’ by attaching a cell e”, and let 
E' = p '(B’) as above. By induction on the number of cells of B we may assume the 
right-hand ® in (x) is an isomorphism. If the left-hand ® is also an isomorphism, 
then the five-lemma will imply that the middle ® is an isomorphism, finishing the 
induction step. 

Let p:(D",S"!)—(B,B’) bea characteristic map for the attached n-cell. Since 
D” is contractible, the pullback bundle qm*(E) is a product, and so we have a com- 
mutative diagram 


K*(B,B’) @ K*(F) => K*(D"S"") @K*(F) 
|e |è S 
K*(E,E’) = K*(p*(E), p*(E’)) = K*(D"x F,S"'X F) 
The two horizontal maps are isomorphisms since @ restricts to a homeomorphism 
on the interior of D” , hence induces homeomorphisms B/B’ ~ D"/S""! and E/E’ = 


p*(E)/q*(E’). Thus the diagram reduces the proof to showing that the right-hand 
®, involving the product bundle D” x F— D", is an isomorphism. 


Consider the diagram (*) with (B,B’) replaced by (D”,S”7!). We may assume 
the right-hand ® in (x) is an isomorphism since S”! has smaller dimension than 
the original cell complex B. The middle ® is an isomorphism by the case of zero- 
dimensional B since D” deformation retracts to a point. Therefore by the five-lemma 
the left-hand ® in (x) is an isomorphism for (B,B’) = (D",S"~'). This finishes the 
proof in case (a). 

In case (b) let us first prove the result for a product bundle E = F xB. In this case 
® is just the external product, so we are free to interchange the roles of F and B. 
Thus we may use the diagram (x) with F an arbitrary compact Hausdorff space and 
B a finite cell complex having all cells of even dimension, obtained by attaching a cell 
e” to a subcomplex B’. The upper row of (*) is then an exact sequence since it is 
obtained from the split short exact sequence 0— K* (B, B’) > K*(B) > K*(B’)—0 by 
tensoring with the fixed group K* (F). If we can show that the left-hand © in (+) is 
an isomorphism, then by induction on the number of cells of B we may assume the 
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right-hand ® is an isomorphism, so the five-lemma will imply that the middle ® is 
also an isomorphism. 

To show the left-hand ® is an isomorphism, note first that B/B’ = S” so we may 
as well take the pair (B,B’) to be (D",S"~'). Then the middle ® in (*) is obviously 
an isomorphism, so the left-hand ® will be an isomorphism iff the right-hand © is 
an isomorphism. When the sphere S”~! is even-dimensional we have already shown 
that ® is an isomorphism in the remarks following the proof of Lemma 2.17, and 
the same argument applies also when the sphere is odd-dimensional, since K! of an 
odd-dimensional sphere is K° of an even-dimensional sphere. 

Now we turn to case (b) for nonproducts. The proof will once again be inductive, 
but this time we need a more subtle inductive statement since B is just a compact 
Hausdorff space, not a cell complex. Consider the following condition on a compact 
subspace U C B: 

For all compact V c U the map ®:K*(V) ®K*(F)—K*(p !(V)) is an isomor- 

phism. 

If this is satisfied, let us call U good. By the special case already proved, each point of 
B has a compact neighborhood U that is good. Since B is compact, a finite number 
of these neighborhoods cover B, so by induction it will be enough to show that if U} 
and U, are good, then so is U} U U3. 

A compact V c U, U U, is the union of V; = VNU, and V, = V N U>. Consider 
the diagram like (x) for the pair (V,V>). Since K* (F) is free, the upper row of this 
diagram is exact. Assuming U, is good, the map ® is an isomorphism for V,, so ® 
will be an isomorphism for V if it is an isomorphism for (V, V»). The quotient V/V, 
is homeomorphic to V,/(V; O V2) assuming we are not in the trivial case V; OV, = ©, 
so ® will be an isomorphism for (V, V») if itis an isomorphism for (V,,V; O V3). Now 
look at the diagram like (*) for (V1, V1 NV>). Assuming U, is good, the maps ® are 
isomorphisms for V; and V; NA V2. Hence ® is an isomorphism for (V,,V, NA V2), and 
the induction step is finished. o 


Example 2.26. Let E—X be a vector bundle with fibers C” and compact base X. 
Then we have an associated projective bundle p :P(E)—X with fibers CP”!, where 
P(E) is the space of lines in E, that is, one-dimensional linear subspaces of fibers of 
E. Over P(E) there is the canonical line bundle L— P(E) consisting of the vectors in 
the lines of P(E). In each fiber CP"! of P(E) the classes 1, L, - - -, L”! in K*(P(E)) 
restrict to a basis for K*(CP”~!) by Proposition 2.24. From the Leray-Hirsch theorem 
we deduce that K*(P(E)) is a free K*(X)-module with basis 1,L,---,L""'. 


Proof of the Splitting Principle: In the preceding example, the fact that 1 is among the 
basis elements implies that p* :K*(X)—K™*(P(E)) is injective. The pullback bundle 
p*(E)— P(E) contains the line bundle L as a subbundle, hence splits as L® E’ for 
E'— P(E) the subbundle of p* (E) orthogonal to L with respect to some choice of 
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inner product. Now repeat the process by forming P(E’), splitting off another line 
bundle from the pullback of E’ over P(E’). Note that P(E’) is the space of pairs 
of orthogonal lines in fibers of E. After a finite number of repetitions we obtain 
the flag bundle F(E)— X described at the end of §1.1, whose points are n-tuples of 
orthogonal lines in fibers of E, where n is the dimension of E. (If the fibers of E 
have different dimensions over different components of X, we do the construction 
for each component separately.) The pullback of E over F(E) splits as a sum of line 
bundles, and the map F(E)— X induces an injection on K* since it is a composition 
of maps with this property. o 


In the preceding Example 2.26 we saw that K*(P(E)) is free as a K* (X)-module, 
with basis 1,L,---,L”7!. In order to describe the multiplication in K*(P(E)) one 
therefore needs only a relation expressing L” in terms of lower powers of L. Such 
a relation can be found as follows. The pullback of E over P(E) splits as L@E’ for 
some bundle E’ of dimension n — 1, and the desired relation will be A” (E’) = 0. To 
compute A”(E’) we use the formula A (E) = A,(L)A,(E’) in K*(P(E))[t], where to 
simplify notation we let E also denote the pullback of E over P(E). The equation 
A (E) = A,(L)A,(E’) can be rewritten as A,(E’) = A (E)A (L)! where A,(L)~! is the 
formal power series ¥ ,(—1)'L't! since A; (L) = 1 + Lt. Equating coefficients of t” in 
the two sides of A,(E’) = A,(E)A,(L)~!, we get A"(E’) = $;(-1)" 7A (E)L” t. The 
relation A"(E’) = 0 can then be written as X ;(—-1) A (E)L”™t = 0, with the coefficient 
of L” equal to 1 as desired. The result can be stated in the following form: 


Proposition 2.27. For an n-dimensional vector bundle E— X the ring K(P(E)) is 
isomorphic to the quotient ring K* (X)[L]/ (X; (~D) (E) L"Ż). 


For example when X is a point we have P(E) = CP”! and A (E) = CK for k = ("*) : 
so the polynomial >: ;(- 1)'A‘(E)L” ' becomes (L—1)" and we see that the proposition 
generalizes the isomorphism K*(CP"~!) = Z[L]/(L—1)”. 


Appendix: Finite Cell Complexes 


As we mentioned in the remarks following Proposition 2.23 it is convenient for 
purposes of the splitting principle to work with spaces slightly more general than finite 
CW complexes. By a finite cell complex we mean a space which has a finite filtration 
Xo CX, C++: CX, = X where Xo is a finite discrete set and X;,, is obtained from 
X; by attaching a cell e™ via a map ;:S"'-'—X;. Thus X;,, is the quotient space 
of the disjoint union of X; and a disk D™ under the identifications x ~ ọ;(x) for 
x EID" =s™", 


Proposition 2.28. If p:E—B is a fiber bundle whose fiber F and base B are both 
finite cell complexes, then E is also a finite cell complex, whose cells are products of 
cells in B with cells in F. 


72 Chapter 2 Complex K-Theory 


Proof: Suppose B is obtained from a subcomplex B’ by attaching a cell e”. By induc- 
tion on the number of cells of B we may assume that p~!(B’) is a finite cell complex. 
If 6:D"—B is a characteristic map for e” then the pullback bundle ¢*(E)— D” is 
a product since D” is contractible. Since F is a finite cell complex, this means that 
we may obtain ®*(E) from its restriction over S"~! by attaching cells. Hence we may 
obtain E from p~!(B’) by attaching cells. o 


Chapter 
Characteristic Classes 


Characteristic classes are cohomology classes associated to vector bundles. They 
measure in some way how a vector bundle is twisted, or nontrivial. There are four 
main kinds: 

1. Stiefel-Whitney classes w;(E) € H'(B;Z>) for areal vector bundle E—B. 

2. Chern classes c;(E) € H” (B; Z) for a complex vector bundle EB. 

3. Pontryagin classes p,(E) € H“ (B; Z) for areal vector bundle E—>B. 

4. The Euler class e(E) € H"(B;Z) for an oriented n-dimensional real vector bundle 

E—B. 

The Stiefel-Whitney and Chern classes are formally quite similar. Pontryagin classes 
can be regarded as a refinement of Stiefel-Whitney classes when one takes Z rather 
than Z, coefficients, and the Euler class is a further refinement in the orientable case. 

For an n-dimensional vector bundle E—B to be trivial is equivalent to its clas- 
sifying map f:B— G, being nullhomotopic, but as with most things in homotopy 
theory it can be quite difficult to determine whether this is the case or not. Much 
more accessible is the weaker question of whether f induces a nontrivial map on ho- 
mology or cohomology, and this is precisely what characteristic classes measure. The 
Stiefel-Whitney classes w;, like the other characteristic classes, satisfy the important 
naturality property that w;(f*(E)) = f*(w,(E)), so in particular if f is a classifying 
map B—G,, for E we have E = f*(E,) and w,(E) = w;,(f*(E,)) = f*(w,(En))- 
Thus if f induces the trivial map on Z,-cohomology, then the Stiefel-Whitney classes 
of E are trivial. The converse statement is also true because the classes w;(E,,) gen- 
erate the cohomology ring H*(G,,;Z,). In fact H* (G„; Z>) is exactly the polynomial 
ring Zo[w]; (En), ***,Wn(En)]. This is one reason for considering Z, rather than Z 
coefficients, since H*(G,,;Z) has amore complicated ring structure, and the Pontrya- 
gin classes p;(E,,) are needed in order to describe it completely. Even though this 
description is not so nice, it is nevertheless true that f induces the trivial map on co- 
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homology with arbitrary coefficients iff all the Stiefel-Whitney and Pontryagin classes 
of E are zero. If E is orientable we can take its classifying map to be a map to Ge. 
and the corresponding statement here is that this map induces the trivial map on 
cohomology with arbitrary coefficients iff the Euler class of E as well as all its Stiefel- 
Whitney and Pontryagin classes are trivial. For complex vector bundles the analogous 
statements are also true but somewhat simpler since one only needs Chern classes, 
as H*(G,,(C);Z) is the polynomial ring Z[c,,---,c,,] on the Chern classes c; of the 
universal bundle over G,,(C). 

The vanishing of all the characteristic classes of a vector bundle is a necessary 
condition for it to be trivial, but it is not always sufficient, as there exist nontrivial 
vector bundles whose characteristic classes are all zero. Perhaps the simplest example 
is the tangent bundle of the sphere S°. One reason why characteristic classes are not 
sufficient to determine when a vector bundle is trivial is that, except for the Euler 
class, they are stable invariants, meaning that taking the direct sum of a given bundle 
with a trivial bundle does not change the characteristic classes. Thus for a vector 
bundle which is stably trivial, such as the tangent bundle of a sphere, only the Euler 
class has a chance of detecting nontriviality of the bundle. A key feature of the Euler 
class is that it is zero for vector bundles that split as the sum of a trivial bundle with 
some other bundle. Tangent bundles to odd-dimensional spheres have this property 
since they have nonzero sections, splitting off a trivial line bundle. Thus these tangent 
bundles have no nonzero characteristic classes, but only St, S3, and S7 have trivial 
tangent bundles, as we showed in the previous chapter. 


What Exactly Do Characteristic Classes Measure? 


Let us see how one might attack the question of what makes a vector bundle non- 
trivial. The first obstacle to triviality is orientability. For a vector bundle E—B with 
B path-connected, orientability is detected by the homomorphism 1r,(B)—Z, that 
assigns 0 or 1 to each loop according to whether orientations of fibers are preserved 
or reversed as one goes around the loop. Since Z, is abelian, this homomorphism 
factors through the abelianization H,(B) of m (B), and homomorphisms H; (B) >Z, 
are identifiable with elements of H'(B;Z>). Thus we have an element of H'(B;Z,) 
associated to E which is zero exactly when E is orientable. This is exactly the first 
Stiefel-Whitney class w,(E). 

Let us assume now that B is a CW complex. Then E is orientable iff its restriction 
to the 1-skeleton B! of B is orientable, since all loops in B can be deformed to lie 
in B'. Furthermore, a vector bundle over a 1-dimensional CW complex is trivial iff it 
is orientable, so we can also say that w,(E) measures whether E is trivial over the 
1-skeleton B!. 

Having an understanding of when E is trivial over the 1-skeleton we can ask about 
triviality over each successive higher skeleton. Assuming that E is trivial over B', then 
if the fibers have dimension n we can choose n orthonormal sections over B!, and 
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so we ask whether these sections extend to orthonormal sections over each 2-cell. If 
we pull E back to a vector bundle over the disk D° via a characteristic map D°? > B 
for a 2-cell, the sections over B! pull back to sections of the pullback over 0D*. The 
pullback bundle is trivial since D* is contractible, so by choosing a trivialization the 
sections over 3D? determine a map 3D? — O(n). If we choose the trivialization to 
give the same orientation as the trivialization of E over B! determined by the sections, 
we can take this map 3D? > O(n) to have image in the identity component SO(n) of 
O(n). Thus we have an element of m (SO(n)) for each 2-cell, and it is not hard to 
see that the sections over B! extend to orthonormal sections over B° iff this element 
of T (SO (n)) is zero for each 2-cell. The group 7r,(SO(n)) is obviously 0 for n = 1, 
and itis Z for n = 2 since SO(2) is homeomorphic to S!. For n = 3 itis not hard to 
compute that 71,(SO(n)) is Z), with the obvious inclusion SO(2) ~ SO(n) inducing 
a surjection on T}, so a generator of m (SO (n)) for n = 2 is represented by the loop 
given by rotating a plane through 360 degrees, fixing the orthogonal complement of 
this plane. We can regard the function which assigns to each 2-cell the element of 
™,(SO(n)) which is the obstruction to extending the sections over the 2-cell as a 
2-dimensional cellular cochain with coefficients in 7,(SO(n)). It turns out to be a 
cellular cocycle, and so defines an element of H*(B;1t,(SO(n))). This element, call 
it w (E), does not depend on the original choice of the sections over B', and by 
rechoosing these sections if necessary one can see that E is trivial over B° iff w>(E) 
is zero in H? (B; m; (SO(n))). When n = 1 we have w>(E) = 0 automatically, so E is 
trivial over B° in this case. When n = 2 the class w,(E) lies in H*(B;Z) and equals 
the Euler class e(E). For n > 3 we have w,(E) lying in H*(B;Z,) and it equals the 
Stiefel-Whitney class w,(E). (When n = 2, w.(E) is the image of e(E) under the 
homomorphism H°’ (B; Z) —H’ (B;Z,) reducing coefficients mod 2.) 


If E is trivial over B? we can try to extend n orthonormal sections from B° to 
B? in the same way, cell by cell. For each cell the obstruction to extending lies in 
T™>(SO(n)). This group happens to be zero for all n, so the sections automatically 
extend over B°. At the next step we seek to extend over 4-cells, where the obstructions 
lie in 1r3(SO(n)). These groups can also be computed explicitly with only a little more 
effort than for m; and m», and they are 0 for n < 2, Z for n = 3, Z®Z for n = 4, 
and Z again for n = 5. By reasoning analogous to that for 2-cells we then obtain an 
obstruction w,(E) € H4 (B; T3 (SO(n))). In the cases when the coefficient group is 
Z this turns out to be the Pontryagin class p,(E). In the special case n = 4 when 
1;(SO(4)) is Z®Z the class w,(E) can be viewed as a pair of elements of H*(B;Z), 
and these are p,(E) and e(E). 


Unfortunately things become much more complicated as one proceeds to higher 
skeleta B*. The first problem is that the groups t,_,(SO(n)) become increasingly 
difficult to compute. They are finitely generated abelian groups whose nontorsion 
is known and fairly easy to describe, but the torsion is quite a mess. One can sim- 
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plify by restricting to the stable range n > k where Bott periodicity gives the val- 
ues Of 7%_,;(SO(n)). For k = 4i we have 7ty;_,;(SO(n)) = Z, and the Pontrya- 
gin class p;(E) € H*"(B;Z) detects the nontriviality of bundles with obstructions 
w4i(E) € H*'(B;114;_;(SO(n))) for n > 4i. The other nontrivial stable groups are 
T-1(SO(n)) = Z, for k = 8i+1, 8i+2, but the obstructions w,(E) in these cases are 
not detected by Stiefel-Whitney or Pontryagin classes except when i = 0. Pontryagin 
classes also detect the nontorsion in 7t,_,(SO(n)) outside the stable range. 


Another drawback to this approach is that it only associates a single cohomol- 
ogy class w,(E) to each E, the first obstruction to triviality. For example if E is 
nonorientable, we get no further characteristic classes associated to E. 


A more subtle way of measuring triviality of an n-dimensional vector bundle 
E— B is to look for obstructions to the existence of fewer than n orthonormal sec- 
tions. Suppose for example that we ask whether there is a single section of unit 
vectors. As before we proceed by induction over skeleta of B. Assuming we have a 
section over B*~!, consider the problem of extending it over a k-cell. Pulling E back 
to the trivial bundle over D* via a characteristic map for the cell, we have a section 
over 0D*, or equivalently a map aD‘ —s§"-! and the section over BX“! extends over 
the k-cell iff this map is nullhomotopic. Thus if k < n such an extension is always 
possible, so the first possibility of a nontrivial obstruction occurs when k = n, where 
T(S!) = Z. Thus it appears that we get an obstruction w(E) € H"(B;Z) but 
there is a technical point that in order to identify the groups Tr,,_;(S""') with Z ina 
consistent way it is necessary to assume E is orientable. If we choose an orientation 
there is then a well-defined first obstruction to a section of unit vectors, and this is 
exactly the Euler class e(E). If one only considers the mod 2 value of the element of 
Tt, (S" |) associated to each n-cell then it is not necessary to assume E is orientable 
and one obtains a well-defined obstruction in H"(B;Z,) which is the Stiefel-Whitney 
class w,,(E). 

More generally suppose we look for k orthonormal sections. Then the unit sphere 
5"! in the fibers of E is replaced by the Stiefel manifold V,(R”) of orthonormal 
k-tuples of vectors in R”. As we will see, the first nonvanishing homotopy group 
of V,(R") is 1,,,. This means that there are no obtructions to finding k orthonor- 
mal sections over the (n — k)-skeleton of B. Thus we can find n sections over the 
0-skeleton (this is obvious), n—1 sections over the 1-skeleton, n—2 sections over the 
2-skeleton, and so on. The first obstruction to finding k orthonormal sections would 
lie in H" **1(B; rr, _,(V,(R”))). This coefficient group is either Z or Z,, depending 
on what n and k are. Incase itis Z we again have the technical problem of not having 
a canonical identification with Z, so to avoid this problem we reduce the obstruction 
mod 2. Then we get a well-defined obstruction in H" **!(B; Zə) to the existence of 
k orthonormal sections. This is the Stiefel-Whitney class w,,_;,(E). 


Complex vector bundles can be treated in a similar fashion. For the complex 
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Stiefel manifold V,(C”) the first nonvanishing homotopy group is 7T5,,_>,,,, which is 
Z inall cases, and there is a canonical identification with Z, so we obtain an obstruction 
in H*"-*k*2(B-7) to the existence of k orthonormal sections in a complex vector 
bundle E of dimension n. This is the Chern class c,,_;,,,(E), up to a sign at least. 

The easiest way to define Pontryagin classes is in terms of Chern classes rather 
than as obstructions, so this is what we will do later in the chapter after Stiefel-Whitney 
and Chern classes have been introduced. 


3.1. Stiefel-Whitney and Chern Classes 


Stiefel-Whitney classes are defined for real vector bundles, Chern classes for com- 
plex vector bundles. The two cases are quite similar, but for concreteness we will em- 
phasize the real case, with occasional comments on the minor modifications needed 
to treat the complex case. 

The definition of Stiefel-Whitney and Chern classes outlined in the introduction 
above, while conceptually appealing, is somewhat awkward to work with when one 
tries to prove certain general facts or calculate examples beyond the simplest cases. 
For this reason we will start with a different definition that avoids these drawbacks 
and is quite simple and elegant in its own way, although it relies on a little more 
algebraic topology, and then afterwards we will show that the two definitions give the 
same result. 

A technical point before we begin: We will assume without further mention that 
all base spaces of vector bundles are paracompact, so that the fundamental results 
of Chapter 1 apply. For the study of characteristic classes this is not an essential 
restriction since one can always pass to pullbacks over a CW approximation to a given 
base space, and CW complexes are paracompact. 


Axioms and Construction 


Here is the basic result about Stiefel-Whitney classes giving their most essential 
properties, which can be regarded as axioms: 


Theorem 3.1. There is a unique sequence of functions w4, W3,» - assigning to each 
real vector bundle E—B a class w,(E) € HÝ (B; Z»), depending only on the isomor- 
phism type of E, such that 

(a) w,(f*(E)) = f*(w,(E)) for a pullback f* (E). 

(b) w(E, ®E>) = w(E,) ~ w(E,) where w = 1 +w +w, +- - €H*(B;Z,). 

(c) w,(E) =0 if i > dimE. 

(d) For the canonical line bundle E— RP”, w; (E) is a generator of H! (RP®; Z»). 


The sum w (E) = 1+w;(E)+w,(E)+- - - is the total Stiefel-Whitney class. Note that 
(c) implies that the sum 1 +w; (E)+w(E)+- -- has only finitely many nonzero terms, 
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so this sum does indeed lie in H* (B; Z,), the direct sum of the groups H'(B;Z,). From 
the formal identity 


(l+w,twot--:-)\1tw,tw5t+---)=14+(w,t+w)) + (wo t+ ww, +w) ++- 


it follows that the formula w(E, SE) = w(E,) ~ w(E,) is just a compact way of 
writing the relations w,(F, ®E) = di4j;-,Wi(E1) ~ w;(E2), where wọ = 1. This 
relation is sometimes called the Whitney sum formula. 

Property (d) can be viewed as a nontriviality condition. If this were dropped we 
could set w,(E) = 0 for all E and all i > 0, and the first three conditions would be 
satisfied. 

For complex vector bundles there are analogous Chern classes: 


Theorem 3.2. There is a unique sequence of functions c4, C>, +- assigning to each 

complex vector bundle E—B a class c,(E) € H 2i (B; Z), depending only on the iso- 

morphism type of E, such that 

(a) ci(f*(E)) = f*(c(E)) for a pullback f* (E). 

(b) c(E, 8E») = c(E1)~ c(E,) forc =1+c +c +- -- € H*(B;Z). 

(c) c,(E) =0 if i > dimE. 

(d) For the canonical line bundle E — CP” , c, (E) is a generator of H? (CP; Z) spec- 
ified in advance. 


As in the real case, the formula in (b) for the total Chern classes can be rewritten 
in the form c, (E1 E2) = dis j2nC;(E1) ~ c;(E2), where co = 1. The condition (d) 
is now a normalization condition as well as a nontriviality condition, since replacing 
each function c; by kfc; for a fixed integer k gives new functions satisfying (a)-(c). 

The proof of both theorems will be based on the Leray-Hirsch theorem describing 
the cohomology of certain fiber bundles. If p:E—B is a fiber bundle then we can 
use cup products to make H*(E;R) into a module over the ring H*(B;R), for R 
any commutative ring with identity, by setting «6 = p*(«&) ~ B for « € H* (B) and 
B € H*(E). Then the Leray-Hirsch theorem asserts that this module H*(E;R) is a 
free H*(B;R)-module provided that for each fiber F the inclusion F > E induces a 
surjection on H*(—;R) and H"(F;R) is a free R-module of finite rank for each n. 
Moreover, a basis for the H* (B;R)-module H*(E;R) can be obtained by choosing any 
set of elements in H*(E;R) that map to a basis for H*(F;R) under the map induced 
by the inclusion. A proof of this theorem using a fairly straightforward induction 
argument can be found in §4.D of [AT]. 


Proof of 3.1 and 3.2: Associated to a vector bundle rr :E—B with fiber R” is the 
projective bundle P(7r):P(E)—B, where P(E) is the space of all lines through the 
origin in all the fibers of E, and P(7r) is the natural projection sending each line in 
t '(b) to b € B. We topologize P(E) as a quotient of the complement of the zero 
section of E, the quotient obtained by factoring out scalar multiplication in each fiber. 
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Over a neighborhood U in B where E is a product U x R”, this quotient is Ux RP”, 
so P(E) is a fiber bundle over B with fiber RP”. 

We would like to apply the Leray-Hirsch theorem for cohomology with Z, co- 
efficients to this bundle P(E)—>B. To do this we need classes x; € H'(P(E);Z») 
restricting to generators of H'(RP”~!;Z.,) in each fiber RP"! for i = 0,---,n—1. 
Recall from the proof of Theorem 1.16 that there is a map g:E—R® that is a linear 
injection on each fiber. Projectivizing the map g by deleting zero vectors and then 
factoring out scalar multiplication produces a map P(g):P(E)—RP®”. Let « bea gen- 
erator of H'(RP™;Z,) and let x = P(g)* (œ) € H! (P(E); Z>). Then the powers x! for 
i = 0,---,n-—1 are the desired classes x, since a linear injection R” —R®” induces 
an embedding RP”! — RP” for which « pulls back to a generator of H'(RP”!; Zo), 
hence « pulls back to a generator of HÝ (RP”-}; Z>). Note that any two linear injec- 
tions R” — R” are homotopic through linear injections, so the induced embeddings 
RP”! > RP” of different fibers of P(E) are all homotopic. We showed in the proof of 
Theorem 1.16 that any two choices of g are homotopic through maps that are linear 
injections on fibers, so the classes xt are independent of the choice of g. 

The Leray-Hirsch theorem then says that H* (P (E); Z») is a free H*(B;Z,)-module 
with basis 1,x,---,x” !. Consequently, x” can be expressed uniquely as a linear 
combination of these basis elements with coefficients in H*(B;Z,). Thus there is a 
unique relation of the form 


x" +w (E)x™ +--+ +w,(E)-1= 


for certain classes w;(E) € H'(B;Z,). Here w;(E)xt means P(tr)*(w;(E)) ~ xt, by 
the definition of the H*(B;Z,)-module structure on H* (P(E); Z»). For completeness 
we define w;(E) = 0 fori > n and wo(E) = 1. 

To prove property (a), consider a pullback f*(E) = E’, fitting aoe: 


into the diagram at the right. If g: E—R® is a linear injection on E ; 2 
fibers then so is gf, and it follows that P(f)* takes the canonical | f ip 
B —— B 


class x = x(E) for P(E) to the canonical class x(E’) for P(E’). Then 


P(f)* (EGY (w,(E)) ~ x(E)""') = ZPD *P(Tr)* (w;(E)) ~ P(f)* (x(E)" 2) 


-ZP )* f* (wi (E)) ~ x(E)" 


so the relation x(E)" + w,(E)x(E)" 1 +--+ w,(E) -1 = 0 defining w;(E) pulls 
back to the relation x(E')” + f*(w,(E))x(E')™ 1 +- - -+ f*(w,(E)) -1 = 0 defining 
w,(E’). By the uniqueness of this relation, w,(E’) = f* (w;(E)) 

Proceeding to property (b), the inclusions of E, and E, into FE, ®E, give in- 
clusions of P(E,) and P(E,) into P(E, ®E,) with P(E,) n P(E) = Ø. Let U) = 
P(E, ®E,) — P(E,) and U, = P(E, ®E,) — P(E). These are open sets in P(E, @ E>) 
that deformation retract onto P(E.) and P(E,), respectively. A map g:E, 8 E, > R” 


80 Chapter 3 Characteristic Classes 


which is a linear injection on fibers restricts to such a map on E] and E,, so the 
canonical class x € H'(P(E,; ®E>);Z,) for E,®E, restricts to the canonical classes 
for E; and E>. If E; and E, have dimensions m and n, consider the classes w; = 
>; w j(E,)x™ 4 and w = >; w,(E2)x" 7 in H* (P(E, ®E>);Z5), with cup product 
WW. = dj [Mpssaj Wr (E1)w,(E2)] x". By the definition of the classes w,(E,), 
the class œw} restricts to zero in H” (P(E); Z>), hence w, pulls back to a class in 
the relative group H” (P(E, 9 E»), P (E1); Z>) = H” (P(E, @ E»), U2; Z>), and similarly 
for w,. The following commutative diagram, with Z, coefficients understood, then 
shows that ww, = 0: 


H"(P(E,@E;),U>) x H"(P(E,@E,),U,) > H”™*" (P(E E>), U U U,) = 0 


| | 


H™(P(E,@E;)) x H"(P(E,@ E,)) = H™*" (P(E, @E,)) 

Thus ww = > j[Dy4s-; w,(E,)w,(E>)|x™*" = 0 is the defining relation for the 
Stiefel-Whitney classes of E; ®E,, and so w,(E, $ E2) = diy-45-; W, (E1)w, (Ep). 

Property (c) holds by definition. For (d), recall that the canonical line bundle is 
E = {(@,v) € RP®xR® |v e £}. The map P(r) in this case is the identity. The 
map g:E—R® which is a linear injection on fibers can be taken to be g(f,v) =v. 
So P(g) is also the identity, hence x(E) is a generator of H'(RP®; Zə). The defining 
relation x(E) + w,(E) - 1 = 0 then says that w (E) is a generator of H'(RP™;Z,). 

The proof of uniqueness of the classes w; will use a general property of vector 


bundles called the splitting principle: 


Proposition 3.3. For each vector bundle Tr :E—B there is a space F(E) and a map 
p:F(E)—B such that the pullback p*(E)—F(E) splits as a direct sum of line bun- 
dles, and p* :H*(B;Z))—>H™* (F(E); Z>) is injective. 


Proof: Consider the pullback P(1r)*(E) of E via the map P(1r):P(E)—B. This pull- 
back contains a natural one-dimensional subbundle L = { (f,v) E€ P(E)XE |v € £}. 
An inner product on E pulls back to an inner product on the pullback bundle, so we 
have a splitting of the pullback as a sum L@L* with the orthogonal bundle L+ hav- 
ing dimension one less than E. As we have seen, the Leray-Hirsch theorem applies 
to P(E) —B, so H*(P(E);Z,) is the free H* (B;Z,)-module with basis 1,x,---,x”"! 
and in particular the induced map H*(B;Z,) >H™* (P(E);Z,) is injective since one of 
the basis elements is 1. 

This construction can be repeated with L+ — P(E) in place of E— B. After finitely 
many repetitions we obtain the desired result. oO 


Looking at this construction a little more closely, L+ consists of pairs (f,v) € 
P(E) XE with v 1 £. At the next stage we form P(L~), whose points are pairs (£, €”) 
where £ and €’ are orthogonal lines in E. Continuing in this way, we see that the 
final base space F(E) is the space of all orthogonal splittings £} © --- @ b, of fibers 
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of E as sums of lines, and the vector bundle over F(E) consists of all n-tuples of 
vectors in these lines. Alternatively, F(E) can be described as the space of all chains 
V, C ++- C Va of linear subspaces of fibers of E with dimV; = i. Such chains are 
called flags, and F(E) —B is the flag bundle associated to E. Note that the description 
of points of F(E) as flags does not depend on a choice of inner product in E. 

Now we can finish the proof of Theorem 3.1. Property (d) determines w} (E) 
for the canonical line bundle E — RP®™. Property (c) then determines all the w,’s for 
this bundle. Since the canonical line bundle is the universal line bundle, property (a) 
therefore determines the classes w; for all line bundles. Property (b) extends this 
to sums of line bundles, and finally the splitting principle implies that the w;’s are 
determined for all bundles. 

For complex vector bundles we can use the same proof, but with Z coefficients 
since H*(CP™;Z) = Z[a], with « now two-dimensional. The defining relation for the 
c,;(E)’s is modified to be 


x” — (Ex 1 4 ---4(-1)"c,(E)-1=0 


with alternating signs. This is equivalent to changing the sign of œ, so it does not 
affect the proofs of properties (a)-(c), but it has the advantage that the canonical line 
bundle E— CP” has c,(E) = « rather than —«, since the defining relation in this 
case is x(E) —c,(E)-1=0 and x(E) = &. Oo 


Note that in property (d) for Stiefel-Whitney classes we could just as well use the 
canonical line bundle over RP! instead of RP” since the inclusion RP! — RP” induces 
an isomorphism H!(RP®;Z,) ~ H'(RP';Z,). The analogous remark for Chern classes 
is valid as well. 


Example 3.4. Property (a), the naturality of Stiefel-Whitney classes, implies that a 
product bundle E = Bx R” has w,(E) = 0 for i > 0 since a product is the pullback 
of a bundle over a point, which must have w; = 0 for i > 0 since a point has trivial 
cohomology in positive dimensions. 


Example 3.5: Stability. Property (b) implies that taking the direct sum of a bundle 
with a product bundle does not change its Stiefel-Whitney classes. In this sense Stiefel- 
Whitney classes are stable. For example, the tangent bundle TS” to S$” is stably 
trivial since its direct sum with the normal bundle to S” in R"*!, which is a trivial 
line bundle, produces a trivial bundle. Hence the Stiefel-Whitney classes w,(TS") are 


zero for i> 0. 


From the identity 


(l+w,+wWot-:-)\(L+wyt+ws+-+:)=14 (wy + wi) + (wo + ww, +w) +- 
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we see that w(E,) and w (E; $ E>) determine w(E,) since the equations 
Wy, F wi = a, 


W, + WW, + Ws = d> 


LiWn-iWi = An 
can be solved successively for the w;’s in terms of the w;’s and a,’s. In particular, if 
E 9 E, is the trivial bundle, then we have the case that a; = 0 for i> 0 and so w(E,) 
determines w (E>) uniquely by explicit formulas that can be worked out. For example, 
wi = —w, and w; = —w,w} — w, = w? — wy». Of course for Z, coefficients the signs 
do not matter, but the same reasoning applies to Chern classes, with Z coefficients. 


Example 3.6. Let us illustrate this principle by showing that there is no bundle 
E—RP®* whose sum with the canonical line bundle E; (R®”) is trivial. For we have 
w(E,(R”)) = 1 +w where w is a generator of H'(RP™;Z,), and hence w(E) must 
be (l+w)7! =1+w+w7+--- since we are using Z, coefficients. Thus w;(E) = wt, 
which is nonzero in H*(RP®;Z,) for all i. However, this contradicts the fact that 
w,(E) = 0 fori>dimE. 

This shows the necessity of the compactness assumption in Proposition 1.4. To 
further delineate the question, note that Proposition 1.4 says that the restriction 
E,(R"*') of the canonical line bundle to the subspace RP” c RP® does have an 
‘inverse’ bundle. In fact, the bundle E;(R"*') consisting of pairs (£,v) where £ 
is a line through the origin in R"*! and v is a vector orthogonal to £ is such an 
inverse. But for any bundle E—RP” whose sum with £,(R"*') is trivial we must 
have w(E) = 1+W+---+w", and since w,(E) = w” # 0, E must be at least 
n-dimensional. So we see there is no chance of choosing such bundles E for varying 
n so that they fit together to form a single bundle over RP” . 


Example 3.7. Let us describe an n-dimensional vector bundle E—B with w;(E) 
nonzero for each i < n. This will be the n-fold Cartesian product (E,)"—(G,)" of 
the canonical line bundle over G, = RP” with itself. This vector bundle is the direct 
sum 11;"(E,)® --- ©% (E,) where 1;:(G,)"—G, is projection onto the i factor, 
so w((E,)") = [],(1 +a; € Z [o,a] = H*((RP*)";Z,). Hence w;((E,)") is 
the i elementary symmetric polynomial g; in the « ; 8, the sum of all the products 
of i different &;’s. For example, if n = 3 then 0} = & + &) + O3, O2 = Q1 Az + Q1 Q3 + 
X, &;, and 03 = &, Q2 Qz. Since each g; with i < n is nonzero in Z,[a,,---,&,], we 
have an n-dimensional bundle whose first n Stiefel-Whitney classes are all nonzero. 

The same reasoning applies in the complex case to show that the n-fold Cartesian 
product of the canonical line bundle over CP” has its first n Chern classes nonzero. 


In this example we see that the w,’s and c;’s can be identified with elementary 
symmetric functions, and in fact this can be done in general using the splitting princi- 
ple. Given an n-dimensional vector bundle E—B we know that the pullback to F(E) 
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splits as a sum L,®--- @L,—F(E). Letting a; = w,(L;), we see that w(E) pulls 
back to w(L,®--- @L,) = (1+ 4,)::-(+a,) =1+0,+-::+0,,80 w;,(E) pulls 
back to o;. Thus we have embedded H*(B;Z,) ina larger ring H* (F (E); Z>) such that 
w,(E) becomes the it” elementary symmetric polynomial in the elements 0}, ++, On 
of H* (F(E); Zp). 


Besides the evident formal similarity between Stiefel-Whitney and Chern classes 
there is also a direct relation: 


Proposition 3.8. Regarding an n-dimensional complex vector bundle E—B as a 
2n- dimensional real vector bundle, then w»,,,(E) = 0 and w,;(E) is the image of 
c,(E) under the coefficient homomorphism H?'(B;Z) > H” (B; Z»). 


For example, since the canonical complex line bundle over CP” has c, a generator 
of H*(CP™;Z), the same is true for its restriction over S? = CP!, so by the proposition 
this 2-dimensional real vector bundle E— S° has w, (E) + 0. 


Proof: The bundle E has two projectivizations RP(E) and CP(E), consisting of all the 
real and all the complex lines in fibers of E, respectively. There is a natural projection 
p:RP(E)—CP(E) sending each real line to the complex line containing it, since a real 
line is all the real scalar multiples of any nonzero vector in it and a complex line is all 
the complex scalar multiples. This projection p fits into a commutative diagram 


Rp2"-!___, RP(E) 2 Rp” 
| |? 

Cpe pa 5 Cp* 
where the left column is the restriction of p to a fiber of E and the maps RP(g) 
and CP(g) are obtained by projectivizing, over R and C, a map g:E—C” which 
is a C-linear injection on fibers. It is easy to see that all three vertical maps in 
this diagram are fiber bundles with fiber RP’, the real lines in a complex line. The 
Leray-Hirsch theorem applies to the bundle RP” — CP”, with Z, coefficients, so if 
B is the standard generator of H*(CP™;Z), the Z>-reduction B € H (CP: Z>) pulls 
back to a generator of H ?(RP®”; Z»), namely the square &° of the generator « € 
H'(RP®;Z,). Hence the Z,-reduction X<(E) = CP(g)*(B) € H° (CP(E); Z») of the 
basic class xc (E) = CP(g)*(B) pulls back to the square of the basic class xp(E) = 
RP(g)* (cx) € H! (RP(E); Z»). Consequently the Z,-reduction of the defining relation 
for the Chern classes of E, which is X¢(E)" + €,(E)Xc(E)"” |} +--:+,(E)-1=0, 
pulls back to the relation x, (E)°" +7, (E)Xp(E)*" *+-+-+,(E)-1 = 0, which is the 
defining relation for the Stiefel-Whitney classes of E. This means that w,,,,(E) = 0 
and w,;(E) =C;(E). Oo 
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Cohomology of Grassmannians 


From Example 3.7 and naturality it follows that the universal bundle E,,—G,, 
must also have all its Stiefel-Whitney classes w,(E,,),---,w,,(E,,) nonzero. In fact a 
much stronger statement is true. Let f:(RP®)"—G,, be the classifying map for the 
n-fold Cartesian product (E,)” 
simplicity let w; = w,(E,,). Then the composition 


Z>[Wy,**+,Wy_] > H* (Gi Z2) Æ H* ((RP®)”"; Z2) © Zo Loy, «+5 Xp] 


of the canonical line bundle E}, and for notational 


sends w; to o;, the itt elementary symmetric polynomial. It is a classical algebraic re- 
sult that the polynomials g; are algebraically independent in Z5[a,,---,«,]. Proofs 
of this can be found in [van der Waerden, §26] or [Lang, p. 134] for example. Thus 
the composition Z,[w,,:--,w,]—Z,[&,,:--,&,,] is injective, hence also the map 
Z,[wW,,---,W,]—7H*(G,;Z>). In other words, the classes w,(E,,) generate a poly- 
nomial subalgebra Z,[w ,---,w,] C H*(G,;Z>). This subalgebra is in fact equal to 
H*(G,;Z>), and the corresponding statement for Chern classes holds as well: 


Theorem 3.9. H *(G,3Z>) is the polynomial ring Z,[w,,---,w,] on the Stiefel- 
Whitney classes w; = w,(E,,) of the universal bundle E,,—G,,. Similarly, in the 
complex case H*(G,(C™);Z) = Z[c,,-++,C,] where c; = c;(E,(C”)) for the uni- 
versal bundle E,,(C~)—>G,,(C™). 


The proof we give here for this basic result will be a fairly quick application of the 
CW structure on G,, constructed at the end of §1.2. A different proof will be given 
in §3.2 where we also compute the cohomology of G,, with Z coefficients, which is 
somewhat more subtle. 


Proof: Consider a map f:(RP~)"—G,, which pulls E,, back to the bundle (E,)” 
considered above. We have noted that the image of f* contains the symmetric poly- 
nomials in Z,[a,,---,&,] ~ H*((RP®)";Z,). The opposite inclusion holds as well, 
since if m™:(RP~)"— (RP®)” is an arbitrary permutation of the factors, then 7 pulls 
(E,)” back to itself, so fm = f, which means that f* = 7r* f*, so the image of f* is 
invariant under 1r* : H*((RP®)";Z,) > H* ((RP®)"; Z»), but the latter map is just the 
same permutation of the variables «;. 

To finish the proof in the real case it remains to see that f* is injective. It suffices 
to find a CW structure on G,, in which the r-cells are in one-to-one correspondence 
with monomials w1" - --w}” of dimension r = 7, + 27) +--+ +n7,, since the number 
of r-cells in a CW complex X is an upper bound on the dimension of H” (X; Z») asa 
Z> vector space, and a surjective linear map between finite-dimensional vector spaces 
is injective if the dimension of the domain is not greater than the dimension of the 
range. 

Monomials w}! - - - w% of dimension r correspond to n-tuples (7), ++ -,Y„) with 
Y =7,+27r.+-++++nr,. Such n-tuples in turn correspond to partitions of r into at 
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most n integers, via the correspondence 


teh SS ee ig BO Sy ee ew Tr. 
Such a partition becomes the sequence 0, —1 < 0) -2 <--- < Op — n, corresponding 
to the strictly increasing sequence 0 < 0, < Op < -:+ < On. For example, when n = 3 
we have: 
(11,512,173) (O7 = 1,05 ar 2, 03 a 3) (01, Oo, 03) dimension 

1 000 0 0 0 1 2 3 0 

W, 100 0 0 1 L oa 1 

W,» 010 0 1 1 13 4 2 

w? 200 0 0 2 1 2 5 2 

w3 001 1 1 1 234 3 

Wi Wo 110 0 1 2 1 3 5 3 

w3 300 0 0 3 1 2 6 3 


The cell structure on G,, constructed in §1.2 has one cell of dimension (a, — 1) + 
(0> — 2) +++-++(0, — n) for each increasing sequence 0 < 0; < O < ++: < On. SO 
we are done in the real case. 

The complex case is entirely similar, keeping in mind that c; has dimension 2i 
rather than i. The CW structure on G,,(C™) described in §1.2 also has these extra fac- 
tors of 2 in the dimensions of its cells. In particular, the cells are all even-dimensional, 
so the cellular boundary maps for G,,(C™) are all trivial and the cohomology with Z 
coefficients consists of a Z summand for each cell. Injectivity of f* then follows 
from the algebraic fact that a surjective homomorphism between free abelian groups 
of finite rank is injective if the rank of the domain is not greater than the rank of the 
range. o 


One might guess that the monomial w}! - - - wł” corresponding to a given cell of 
G,, in the way described above was the cohomology class dual to this cell, represented 
by the cellular cochain assigning the value 1 to the cell and O to all the other cells. 
This is true for the classes w; themselves, but unfortunately it is not true in general. 
For example the monomial wi corresponds to the cell whose associated partition is 
the trivial partition i = i, but the cohomology class dual to this cell is w; where 
1+w}+w5+--- is the multiplicative inverse of 1+w,+w,+---. If one replaces the 
basis of monomials by the more geometric basis of cohomology classes dual to cells, 
the formulas for multiplying these dual classes become rather complicated. In the 
parallel situation of Chern classes this question has very classical roots in algebraic 
geometry, and the rules for multiplying cohomology classes dual to cells are part of 
the so-called Schubert calculus. Accessible expositions of this subject from a modern 
viewpoint can be found in [Fulton] and [Hiller]. 


Applications of w, and c, 


We saw in §1.1 that the set Vect! (X) of isomorphism classes of line bundles 
over X forms a group with respect to tensor product. We know also that Vect! (X) = 


86 Chapter 3 Characteristic Classes 


[X,G,(R®)], and G,(R®) is just RP”, an Eilenberg-MacLane space K(Z5,1). Itisa 
basic fact in algebraic topology that [X,K(G,n)] = H"(X;G) when X has the homo- 
topy type of a CW complex; see Theorem 4.56 of [AT], for example. Thus one might 
ask whether the groups Vect'(X) and H!(X; Z>) are isomorphic. For complex line 
bundles we have G,(C™) = CP”, and this is a K(Z, 2), so the corresponding question 
is whether Vect} (X) is isomorphic to H*(X;Z). 


Proposition 3.10. The function w, : Vect! (X)—H! (X; Z>) is a homomorphism, and 
is an isomorphism if X has the homotopy type of a CW complex. The same is also 
true for c; :Vectt(X)—>H° (X;Z). 


Proof: The argument is the same in both the real and complex cases, so for def- 
initeness let us describe the complex case. To show that c; :Vectt(X)—>H°(X) is 
a homomorphism, we first prove that c,(L, 8L) = c,(L,) + c,(L2) for the bundle 
Li ®L,—G,xXG, where L; and L, are the pullbacks of the canonical line bundle 
L—G, = CP” under the projections p,,~.:G,xG,—G, onto the two factors. Since 
cı (L) is the generator « of H° (CP®), we know that H*(G,xG,) ~ Z[@,, &] where 
&; = p*(&) =c,(L;). The inclusion G; VG, c G, x G, induces anisomorphism on H°, 
so to compute c,(L, 8 L>) it suffices to restrict to G; VG,. Over the first G} the bundle 
L, is the trivial line bundle, so the restriction of Lı ®L, over this G} is L;®1 = L}. 
Similarly, L}; 8L, restricts to L, over the second G}. So c,(L, 8L») restricted to 
G,VG, is &, +p restricted to G; VG,. Hence c,(L; 8L) = &; +) = c,(L,) +c, (Lo). 
The general case of the formula c,(E, ®E,) = c,(E,) +c,(E>) for line bundles E} 
and E, now follows by naturality: We have E} ~ fř(L) and E, = f>‘(L) for maps 
fi, fo:X—G,. For the map F = (fi, fo): X >G, XG, we have F*(L,;) = f# (L) = E;, 
SO 
cı (E, @E2) = cy (F* (L,) @F*(L2)) = cy (F* (L18L2)) = F* (cy (L, @L2)) 
= F* (c (Lı) +c (L)) = F*(c,(L,)) + F* (c (L2)) 
= cı (F* (L1)) + c (F* (L2)) = c (E1) + c (E>). 


As noted above, if X is a CW complex, there is a bijection [X, CP”] ~ H° (X; Z), 
and the more precise statement is that this bijection is given by the map [f] + f* (u) 
for some class u € H*(CP™;Z). The class u must be a generator, otherwise the map 
would not always be surjective. Which of the two generators we choose for u is 
not important, so we may take it to be the class œ. The map [f] + f*(«) factors 
as the composition [X,CP°]— Vect¢(X) > H°*(X;Z), [f] > f*(L) => c (f*(L)) = 
f*(c,(L)) = f*(x). The first map in this composition is a bijection, so since the 
composition is a bijection, the second map c, must be a bijection also. o 


The first Stiefel-Whitney class w, is closely related to orientability: 
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| Proposition 3.11. A vector bundle E — X is orientable iff w; (E) = 0, assuming that 
X is homotopy equivalent to a CW complex. 


Thus w, can be viewed as the obstruction to orientability of vector bundles. An 
interpretation of the other classes w; as obstructions will be given in the Appendix 
to this chapter. 


Proof: Without loss we may assume X is a CW complex. By restricting to path- 
components we may further assume X is connected. There are natural isomorphisms 


(*) H! (X; Z) — Hom(H, (X), Z,) — Hom(T (X), Z3) 


from the universal coefficient theorem and the fact that H, (X) is the abelianization of 
Tt, (X). When X = G,, we have 11,(G,,) = Z, and w,(E,,) € H! (G; Z2) corresponds 
via (*) to this isomorphism r (G„) = Z) since w,(E,,) is the unique nontrivial el- 
ement of H l (Gn; Zo). By naturality of (*) it follows that for any map f:X—G,,, 
f*(w,(E,,)) corresponds under (x) to the homomorphism f} :T(X)—> T (Gn) ~ 
Z». Thus if we choose f so that f*(E,,) is a given vector bundle E, we have w (E) 
corresponding under (*) to the induced map /f,.:7,(X)—71,(G,) ~ Z. Hence 
w,(E) = 0 iff this f, is trivial, which is exactly the condition for lifting f to the 
universal cover G,,, i.e., orientability of E. Oo 
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3.2. Euler and Pontryagin Classes 


A characteristic class can be defined to be a function associating to each vector 
bundle E—B of dimension n a class x(E) € H*(B;G), for some fixed n and k, such 
that the naturality property x(f*(E)) = f*(x(E)) is satisfied. In particular, for the 
universal bundle E„— G, there is the class x = x(E,,) € H*(G,,;G). Conversely, any 
element x € H*(G,,;G) defines a characteristic class by the rule x(E) = f*(x) where 
E ~ f*(E,) for f:B—G,,. Since f is unique up to homotopy, x(E) is well-defined, 
and it is clear that the naturality property is satisfied. Thus characteristic classes 
correspond bijectively with cohomology classes of G}. 

With Z, coefficients all characteristic classes are simply polynomials in the Stiefel- 
Whitney classes since we showed in Theorem 3.9 that H*(G,;Z,) is the polyno- 
mial ring Z,[w,,---,w,,]. Similarly for complex vector bundles all characteristic 
classes with Z coefficients are polynomials in the Chern classes since H*(G,,(C);Z) = 
Z\c,,***,C,]. Our goal in this section is to describe the more refined characteris- 
tic classes for real vector bundles that arise when we take cohomology with integer 
coefficients rather than Z, coefficients. 

The main tool we will use will be the Gysin exact sequence associated to an 
n-dimensional real vector bundle p:E—B. This is an easy consequence of the Thom 
isomorphism ®:H'(B) > H'*"(D(E),S(E)) defined by ®(b) = p* (b) ~ c for a Thom 
class c € H"(D(E),S(E)), a class whose restriction to each fiber is a generator of 
H"(D",S"'). The map ® is an isomorphism whenever a Thom class exists, as shown 
in Corollary 4D.9 of [AT]. Thom classes with Z coefficients exist for all orientable real 
vector bundles, and with Z, coefficients they exist for all vector bundles. This is 
shown in Theorem 4D.10 of [AT]. 

Once one has the Thom isomorphism, this gives the Gysin sequence as the lower 
row of the following commutative diagram, whose upper row is the exact sequence 
for the pair (D(E),S(E)): 


. — H'(D(E),S(E)) Æ H'(D(E)) — H(S(E)) — H'"(D(E),S(E)) — + 
~Î ~|p* l ~fe 

By By Se) a ce 
The vertical map p* is an isomorphism since p is a homotopy equivalence from 
D(E) to B. The Euler class e € H” (B) is defined to be (p*)~1j* (c), or in other words 
the restriction of the Thom class to the zero section of E. The square containing 
the map ~e commutes since for b € H” (B) we have j*®(b) = j*(p*(b) \c) = 
p*(b) ~ j*(c), which equals p* (bv e) = p*(b) ~ p*(e) since p*(e) = j*(c). The 
Euler class can also be defined as the class corresponding to c ~ c under the Thom 
isomorphism, since ®(e) = p*(e) c = j*(c)~c=cwvc. 


As a warm-up application of the Gysin sequence let us use it to give a different 
proof of Theorem 3.9 computing H*(G,,;Z)) and H*(G,,(C);Z). Consider first the 
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real case. The proof will be by induction on n using the Gysin sequence for the univer- 
sal bundle E, a4 G,,. The sphere bundle S(E,,) is the space of pairs (v, £) where £ 
is an n-dimensional linear subspace of R” and v is a unit vector in £. There is a nat- 
ural map p:S(E,,)—>G,,_, sending (v,£) to the (n — 1)-dimensional linear subspace 
v+ c £ orthogonal to v. It is an exercise to check that p is a fiber bundle. Its fiber is 
S°” , all the unit vectors in R” orthogonal to a given (n — 1)-dimensional subspace. 
Since S$” is contractible, p induces an isomorphism on all homotopy groups, hence 
also on all cohomology groups. Using this isomorphism p* the Gysin sequence, with 
Z, coefficients, has the form 


‘ — H'(G,,) ~, H" (G,) AHG — H"! (G,) CE EPEAT 


where e € H” (Ga; Z>) is the Z, Euler class. 

We show first that n(w,(E,,)) = w; (En-1). By definition the map n is the com- 
position H*(G,,) ~H*(S(E,)) — H*(G„1) induced from G,_,; & S(E,) © Gy. 
The pullback 1*(E,,) consists of triples (v,w,f) where £ € G, and v,w € £ with 
v a unit vector. This pullback splits naturally as a sum L @p*(E,,_,) where L is the 
subbundle of triples (v,tv, £), t € R, and p*(E,_,) consists of the triples (v, w, f) 
with w € v+. The line bundle L is trivial, having the section (v, v, £). Thus the coho- 
mology homomorphism 1r™* takes w;(Eņ„)) to w;(L®p*(E,_1)) = w;(p* (Œņ-1)) = 
p WE); so n(w,(E,,)) = w;(En-1)- 

By induction on n, H*(G,_,) is the polynomial ring on the classes wj(E,_1), 
j < n. The induction can start with the case n = 1, where G, = RP” and H*(RP®) = 
Z,[w,] since w; (E) is a generator of H'(RP®; Z»). Or we could start with the trivial 
case n = 0. Since n(w,(E,)) = w,(E,_,), the maps n are surjective and the Gysin 
sequence splits into short exact sequences 


0— H'(G,) ~ HH” (Ga) > H""(G,_1) 0 


The image of ~e:H°(G,,)—-H"(G,,) is a Z, generated by e. By exactness, this Z, 
is the kernel of n:H"(G,,) ~H"(G,,_,). The class w,,(E,,) lies in this kernel since 
w,(E,_1) = 0. Moreover, w,,(E,,) + 0, since if w,(E,) = 0 then w, is zero for all 
n-dimensional vector bundles, but the bundle E— RP” which is the direct sum of n 
copies of the canonical line bundle has total Stiefel-Whitney class w(E) = (1 + a)", 
where « generates H'(RP®), hence w,,(E) = &” + 0. Thus e and w,,(E,,) generate 
the same Z,, so e = w, (En). 

Now we argue that each element € € H MG.) can be expressed as a unique poly- 
nomial in the classes w; = w;(E,,), by induction on k. First, n(€) is a unique polyno- 
mial f in the w,(E,,_,)’s by the basic induction on n. Then €—f(w ,---,w,_,) isin 
Kern = Im(~w,,), hence has the form C~w,, for F € H” (G,) which is unique since 
-w,, is injective. By induction on k, C€ is a unique polynomial g in the w;’s. Thus 
we have § expressed uniquely as a polynomial f(w ,--+,Wy_1)+Wy,g(W1,°++,Wy)- 
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Since every polynomial in w,,---,w, has a unique expression in this form, the the- 
orem follows in the real case. 

Virtually the same argument works in the complex case. We noted earlier that 
complex vector bundles always have a Gysin sequence with Z coefficients. The only 
elaboration needed to extend the preceding proof to the complex case is at the step 
where we showed the Z, Euler class is w,. The argument from the real case shows 
that c, is a multiple me for some m € Z, e being now the Z Euler class. Then 
for the bundle E— CP” which is the direct sum of n copies of the canonical line 
bundle, classified by f : CP” — G,„(C™), we have &” =c,(E) = f*(c,) =mf*(e) in 
H°"(CP”;Z) = Z, with &” a generator, hence m = +1 and e = +c,,. The rest of the 
proof goes through without change. 


We can also compute H "GTS where Ge is the oriented Grassmannian. To 
state the result, let Tr :Č„— G, be the covering projection, so E,, = 1*(E,,), and let 
W, = w,(E,) = 1*(w;) € H(G; Z), where w; = w;(E,)- 


Proposition 3.12. 1*:H*(G,;Z,) ~H*(G,;Z>) is surjective with kernel the ideal 
generated by w,, hence H*(G,3Z>) = Zo[W>,-+-, Wy). 


This is just the answer one would hope for. Since G is simply-connected, w, has 
to be zero, so the isomorphism H*(G,,;Z>) = Z>[i»,---+,W,,] is the simplest thing 
that could happen. 


Proof: The 2-sheeted covering 1: Gy —G,, can be regarded as the unit sphere bundle 
of a 1-dimensional vector bundle, so we have a Gysin sequence beginning 


0 — H°(G,;Z.) > H°(G,,;Z.) > H°(G,,;Z,) ~> H! (Gp; Z2) 


where x € H'(G,;Z>5) is the Z5-Euler class. Since Gh is connected, H°(G,32Z>) z 
Z and so the map ~x is injective, hence x = w4, the only nonzero element of 
H'(G,3Z>). Since H*(G,;Z,) ~ Z,[w,,---,w,], the map ~w, is injective in all 
dimensions, so the Gysin sequence breaks up into short exact sequences 


OH G7) "SAG 2) = HG) 0 
from which the conclusion is immediate. o 


The goal for the rest of this section is to determine H*(G„;Z) and H*(G,;2Z), 
or in other words, to find all characteristic classes for real vector bundles with Z 
coefficients, rather than the Z, coefficients used for Stiefel-Whitney classes. It turns 
out that H*(G,,;Z), modulo elements of order 2 which are just certain polynomials 
in Stiefel-Whitney classes, is a polynomial ring Z[p,, p2,---] on certain classes p; of 
dimension 4i, called Pontryagin classes. There is a similar statement for H*(G,,;Z), 
but with one of the Pontryagin classes replaced by an Euler class when n is even. 
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The Euler Class 


Recall that the Euler class e(E) € H"(B;Z) of an orientable n-dimensional vector 
bundle E—B is the restriction of a Thom class c € H"(D(E),S(E);Z) to the zero 
section, that is, the image of c under the composition 


H” (D(E), S(E);Z) > H” (D(E);Z) +H" (B; Z) 


where the first map is the usual passage from relative to absolute cohomology and the 
second map is induced by the inclusion B — D(E) as the zero section. By its definition, 
e(E) depends on the choice of c. However, the assertion (*) in the construction of a 
Thom class in Theorem 4D.10 of [AT] implies that c is determined by its restriction to 
each fiber, and the restriction of c to each fiber is in turn determined by an orientation 
of the bundle, so in fact e(E) depends only on the choice of an orientation of E. 
Choosing the opposite orientation changes the sign of c. There are exactly two choices 
of orientation for each path-component of B. 

Here are the basic properties of Euler classes e(E) € H"(B;Z) associated to ori- 
ented n-dimensional vector bundles E—B: 


Proposition 3.13. 

(a) An orientation of a vector bundle E—B induces an orientation of a pullback 
bundle f*(E) such that e(f*(E)) = f*(e(E)). 

(b) Orientations of vector bundles E} >B and E,—B determine an orientation of 
the sum E; ®E> such that e(E, $ E>) = e(E,) ~ e(E>). 

(c) For an orientable n-dimensional real vector bundle E , the coefficient homomor- 
phism H"(B;Z)—>H"(B;Z,) carries e(E) to w,,(E). For an n-dimensional com- 
plex vector bundle E there is the relation e(E) = c,(E) € H”™” (B; Z), for a suitable 
choice of orientation of E. 

(d) e(E) = —e(E) if the fibers of E have odd dimension. 

(e) e(E) = 0 if E has a nowhere-zero section. 


Proof: (a) For an n-dimensional vector bundle E, let E’ c E be the complement of 
the zero section. A Thom class for E can be viewed as an element of H"(E, E’;Z) 
which restricts to a generator of H"(R”, R” — {0}; Z) in each fiber R”. For a pullback 
f*(E), we have a map f:f*(E)—E which is a linear isomorphism in each fiber, so 
f*(c(E)) restricts to a generator of H” (R”, R” — {0};Z) in each fiber R” of f*(E). 
Thus fr (cŒ )) = c(f*(E)). Passing from relative to absolute cohomology classes 
and then restricting to zero sections, we get e(f*(E)) = f*(e(E)). 

(b) There is a natural projection p,:E,®E,—E, which is linear in each fiber, and 
likewise we have p»:E, ®E,— E>. If E; is m-dimensional we can view a Thom class 
c(E,) as lying in H” (E4, E1) where Ej is the complement of the zero section in £}. 
Similarly we have a Thom class c(E,) € H"(E>,E5) if E» has dimension n. Then 
the product pj (c(E,)) ~ ps (c(E>)) is a Thom class for E, @ E> since in each fiber 
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R” xR” = R™*” we have the cup product 


H™(R™*” Rtn _ R”) xH"(R™*", Rtn _ R”)—>H™*"(R™ t Ma R” +n = {0}) 


which takes generator cross generator to generator by the calculations in Example 3.11 
of [AT]. Passing from relative to absolute cohomology and restricting to the zero sec- 
tion, we get the relation e(E, ®E,) = e(E,) ~ e(E>). 

(c) We showed this for the universal bundle in the calculation of the cohomology of 
Grassmannians a couple pages back, so by the naturality property in (a) it holds for 
all bundles. 

(d) When we defined the Euler class we observed that it could also be described as the 
element of H"(B;Z) corresponding to c v c € H*"(D(E),S(E),Z) under the Thom 
isomorphism. If n is odd, the basic commutativity relation for cup products gives 
cvc=-c~c,so e(E) = -e(E). 

(e) A nowhere-zero section of E gives rise to a section s:B—S(E) by normalizing 
vectors to have unit length. Then in the exact sequence 


H"(D(E), S(E);Z) Č H"(D(E);Z) Č H” (S(E);Z) 


the map i* is injective since the composition D(E) — B — S (E) — D(E) is homo- 
topic to the identity. Since i* is injective, the map j* is zero by exactness, and hence 
e(E) = 0 from the definition of the Euler class. o 


Consider the tangent bundle TS” to S”. This bundle is orientable since its base 
S” is simply-connected if n > 1, while if n = 1, TSt is just the product Sx R. When 
n is odd, e(TS”) = 0 either by part (d) of the proposition since H*(S";Z) has no 
elements of order two, or by part (e) since there is a nonzero tangent vector field to 
S” when n is odd, namely s(x,,°++,Xy41) = (7X3, X1" t3 =Xn41: Xn). However, 
when n is even e(TS”) is nonzero: 


|| Proposition 3.14. For even n, e(TS") is twice a generator of H"(S";Z). 


Proof: Let E’ c E = TS" be the complement of the zero section. Under the Thom 
isomorphism the Euler class e(TS") corresponds to the square of a Thom class 
c € H"(E,E’), so it suffices to show that c° is twice a generator of H°” (E, E’). Let 
A C S"xS" consist of the antipodal pairs (x,—x). De- zs 

fine a homeomorphism f:S"xS" — A—E sending a pair 
(x,y) E S"xS" — A to the vector from x to the point of 
intersection of the line through —x and y with the tangent 
plane at x. The diagonal D = {(x,x)} corresponds under 
f to the zero section of E. Excision then gives the first of 


the following isomorphisms: 


H*(E,E’) = H*(S"x$",S"xS" —D) ~ H*(§"xS", A) = H*(S"xS",D), 
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The second isomorphism holds since $"x 5" — D deformation retracts onto A by 
sliding a point y + +x along the great circle through x and y to —x, and the third 
comes from the homeomorphism (x, y) + (x,-y) of S"xS”" interchanging D and 
A. From the long exact sequence of the pair ($"xS",D) we extract a short exact 
sequence 

0—H"(S"xS",D)—>H"(S"xS")—>H"(D)—>0 


The middle group H"(S"xS") has generators «, B which are pullbacks of a gener- 
ator of H"(S") under the two projections $S"xS"—S". Both «a and $ restrict to 
the same generator of H"(D) since the two projections S” xS” — S” restrict to the 
same homeomorphism D ~ S”, so «—f generates H"(S"xS", D), the kernel of the 
restriction map H"(S"x$")—H"(D). Thus « — B corresponds to the Thom class 
and (« — B)? = -aß — Ba, which equals —2«B if n is even. This is twice a generator 
of H?” (S” xS”, D) = H” (S” xS”). m 


It is a fairly elementary theorem in differential topology that the Euler class of 
the unit tangent bundle of a closed, connected, orientable smooth manifold M” is 
|X (M)| times a generator of H"(M), where X(M) is the Euler characteristic of M; 
see for example [Milnor-Stasheff]. This agrees with what we have just seen in the case 
M = S”, and is the reason for the name ‘Euler class.’ 

One might ask which elements of H"(S") can occur as Euler classes of vector 
bundles E— S” in the nontrivial case that n is even. If we form the pullback of the 
tangent bundle TS” by a map S"—S”" of degree d, we realize 2d times a generator, 
by part (a) of the preceding proposition, so all even multiples of a generator of H” (S”) 
are realizable. To investigate odd multiples, consider the Thom space T(E). This 
has integral cohomology consisting of Z’s in dimensions 0, n, and 2n by the Thom 
isomorphism, which also says that the Thom class c is a generator of H"(T(E)). We 
know that the Euler class corresponds under the Thom isomorphism to c ~c, so e(E) 
is k times a generator of H"(S") iff c ~c is k times a generator of H*"(T(E)). This 
is precisely the context of the Hopf invariant, and the solution of the Hopf invariant 
one problem in Chapter 2 shows that c ~ c can be an odd multiple of a generator 
only if n = 2, 4, or 8. In these three cases there is a bundle E— S” for which c ~ c 
is a generator of H °"(T(E)), namely the vector bundle whose unit sphere bundle is 
the complex, quaternionic, or octonionic Hopf bundle, and whose Thom space, the 
mapping cone of the sphere bundle, is the associated projective plane CP*, HP’, or 
OP*. Since we can realize a generator of H” (S”) as an Euler class in these three cases, 
we can realize any multiple of a generator by taking pullbacks as before. 
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Pontryagin Classes 


The easiest definition of the Pontryagin classes p;(E) € H 4i (B; Z) associated to 
a real vector bundle E—B is in terms of Chern classes. For a real vector bundle 
E—B, its complexification is the complex vector bundle E©—B obtained from the 
real vector bundle E $E by defining scalar multiplication by the complex number i 
in each fiber R” R” via the familiar rule i(x,y) = (—y,x). Thus each fiber R” 
of E becomes a fiber C” of EC. The Pontryagin class p;(E) is then defined to be 
(—1)'co,(E°) € H“ (B; Z). The sign (—1)' is introduced in order to avoid a sign in the 
formula in (b) of the next proposition. The reason for restricting attention to the even 
Chern classes c,;(E®) is that the odd classes c,;,;(E®) turn out to be expressible in 
terms of Stiefel-Whitney classes, and hence give nothing new. The exercises at the 
end of the section give an explicit formula. 

Here is how Pontryagin classes are related to Stiefel-Whitney and Euler classes: 


Proposition 3.15. 

(a) For a real vector bundle EB, p;(E) maps to w,;(E)? under the coefficient 
homomorphism H“ (B; Z) > H“ (B: Zo). 

(b) For an orientable real 2n-dimensional vector bundle with Euler class e(E) € 
H*"(B;Z), pu(E) = e(E)*. 


Note that statement (b) is independent of the choice of orientation of E since the 
Euler class is squared. 


Proof: (a) By Proposition 3.8, c»;(E®) reduces mod 2 to w4;(E@E), which equals 
W>,(E)* since w(E@E) = w(E)* and squaring is an additive homomorphism mod 2. 
(b) First we need to determine the relationship between the two orientations of E Cw 
E@E, one coming from the canonical orientation of the complex bundle E“, the 
other coming from the orientation of EE determined by an orientation of E. If 
Vi, ***,Uņ is a basis for a fiber of E agreeing with the given orientation, then E“ 
is oriented by the ordered basis v,,iv,,--+,U2,,iV2,, While E@E is oriented by 
Vis ***, Upp IV], ** +, Voy. To make these two orderings agree requires (2n — 1) + 
(2n — 2) +-+--+1 = 2n(2n —1)/2 = n(2n — 1) transpositions, so the two orienta- 
tions differ by a sign (-1)"?"")) = (-1)". Thus we have p,,(E) = (-1)"co,(EX = 
(-1)"e(ES) = e(E®E) =e(E)*. o 


Pontryagin classes can be used to describe the cohomology of G,, and Gn with Z 
coefficients. First let us remark that since G,, has a CW structure with finitely many 
cells in each dimension, so does Gns hence the homology and cohomology groups of 
G„ and G,, are finitely generated. For the universal bundles E,,—G,, and È, >G, 
let p; = p;(En), Pi = pi(E,), and e = e(E,,), the Euler class being defined via the 
canonical orientation of E,,. 
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Theorem 3.16. 

(a) All torsion in H*(G,,;Z) consists of elements of order 2, and H*(G,,;Z)/torsion 
is the polynomial ring Z| p,,---:,P,] for n = 2k or 2k +1. 

(b) All torsion in H* (G Z) consists of elements of order 2, and H HUG Z) /torsion 
is Z[P1,---,P,] for n = 2k+1 and Z[p,,---,P,_1,e] forn = 2k, with e* = Py 
in the latter case. 


The torsion subgroup of H*(G,,;Z) therefore maps injectively to H* (Ga; Zo), 
with image the image of the Bockstein B:H*(G,,;Z,) > H™*(G,;Z5), which we shall 
compute in the course of proving the theorem; for the definition and basic properties 
of Bockstein homomorphisms see §3.E of [AT]. The same remarks apply to H* (x Z). 
The theorem implies that Stiefel-Whitney and Pontryagin classes determine all char- 
acteristic classes for unoriented real vector bundles, while for oriented bundles the 
only additional class needed is the Euler class. 


Proof: We shall work on (b) first since for orientable bundles there is a Gysin sequence 
with Z coefficients. As a first step we compute H HAGERI where R = Z[!/.] c Q, the 
rational numbers with denominator a power of 2. Since we are dealing with finitely 
generated integer homology groups, changing from Z coefficients to R coefficients 
eliminates any 2-torsion in the homology, that is, elements of order a power of 2, and 
Z summands of homology become R summands. The assertion to be proved is that 
H*(G,;R) is RI}, <<, Pg] for n = 2k +1 and RIÐ}, -< -, Pk- €] for n = 2k. This 
implies that H ESZ) has no odd-order torsion and that H *(G,,;Z)/torsion is as 
stated in the theorem. Then it will remain only to show that all 2-torsion in H*(G,,;Z) 
consists of elements of order 2. 

As in the calculation of H*(G,,;Z,) via the Gysin sequence, consider the sphere 
bundle S"~! — S(E,,) > G,,, where S(E,,) is the space of pairs (v,£) where £ is 
an oriented n-dimensional linear subspace of R” and v is a unit vector in £. The 
orthogonal complement v+ c £ of v is then naturally oriented, so we get a projection 
p:S(E,)— Gy_,- The Gysin sequence with coefficients in R has the form 


-— H'(G,,) >65 HY" (G,) + HY" (Gp) — H™1(G,) eh 
where n takes p,(E,,) to p;(Ey_1)- 

If n = 2k, then by induction H*(G,,_1) ~ R[P1,---,Pz_1], so n is surjective and 
the sequence splits into short exact sequences. The proof in this case then follows 
the H* (G; Zə) model. 

If n = 2k + 1, then e is zero in H"(G,;R) since with Z coefficients it has order 
2. The Gysin sequence now splits into short exact sequences 


0 — H” (Ğ,) A HNG n — H“! (Ğ,) =; 0) 


Thus n injects H*(G,,) as a subring of H*(G,_,) © RIP4,- -+ , Pk-1,€], where e now 
means e(E£,,_,). The subring Imn contains R[P,,---,~,;] and is torsionfree, so we 
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can show it equals R[P,,---,P;,] by comparing ranks of these R-modules in each 
dimension. Let r; be the rank of R[#,,---,#,] in dimension j and r; the rank 
of H/(G,,). Since R[P,,---,P,_1,e] is a free module over R[P,,---,,] with basis 
{1,e}, the rank of H*(G,_1) © R[P1,---,Pp_1,e] in dimension j is Yj +TYj-2ķ, the 
class e = e(E,_,) having dimension 2k. On the other hand, the exact sequence above 
says this rank also equals r; + 7;_9,. Since rm = Ym for each m, we get r; = rj, and 
so H*(G,) = RIP +> , Pk], completing the induction step. The induction can start 
with the case n = 1, with G, = S®. 

Before studying the remaining 2-torsion question let us extend what we have just 
done to H* (G; Z), to show that for R = Z[1/2], H* (Ga; R) is R[p,,---,P,], where 
n = 2k or 2k + 1. For the 2-sheeted covering Tr: GrG; consider the transfer ho- 
momorphism T, :H*(G,;R) ~H*(G,;R) defined in §3.G of [AT]. The main feature 
of 7, is that the composition 11,,711* :H*(G,;R) > H*(G,;R) > H*(G,;R) is multi- 
plication by 2, the number of sheets in the covering space. This is an isomorphism 
for R = Z[/.], so m™* is injective. The image of m* contains R[P,,---,,] since 
™*(p;) = p;. So when n is odd, m* is an isomorphism and we are done. When n 
is even, observe that the image of 7r* is invariant under the map t* induced by the 
deck transformation T: G,— G; interchanging sheets of the covering, since TT = Tr 
implies t*7r* = 1*. The map T reverses orientation in each fiber of E,, >G,, so T* 
takes e to —e. The subring of H*(G,,;R) ~ RIP,,+++,Px_1,e] invariant under T* is 
then exactly R[P 1, ++ -,Pin/2)], finishing the proof that H*(G,;R) = R[p,,---,Pxl- 

To show that all 2-torsion in H*(G,;Z) and H*(G,;Z) has order 2 we use the 
Bockstein homomorphism f associated to the short exact sequence of coefficient 
groups 0-Z,—2Z,—2Z,—0. The goal is to show that Ker f/Imf consists exactly 
of the mod 2 reductions of nontorsion classes in H*(G,,;Z) and H* (Ci Z), that is, 
polynomials in the classes w3; in the case of G,, and Gay + ,, and for Gis polynomials 
in the w5;,’s for i < k together with w», the mod 2 reduction of the Euler class. By 
general properties of Bockstein homomorphisms proved in §3.E of [AT] this will finish 
the proof. 


| Lemma 3.17. BW i441 = WWoi41 and Bw; = Woi] + W1W);- 


Proof: By naturality it suffices to prove this for the universal bundle E,,—>G,, with 
w; = w;(E,,). As observed in §3.1, we can view w, as the kt elementary symmetric 
polynomial o% in the polynomial algebra Z,[a,,---,0,] ~ H*((RP®)";Z,). Thus 
to compute fw, we can compute fog. Using the derivation property B(x ~ y) = 
Bx ~y+xw~ By and the fact that Ba; = aî, we see that Bo; is the sum of all 
products a; °°: ee -++Q, for i <- < ip and j = 1,---,k. On the other hand, 
multiplying 0,0; out, one obtains Bo, + (k + 1)0;,,1- Oo 

Now for the calculation of Ker f} / Im. First consider the case of G>,,,. The ring 
Zo[Wy,+++,Wo,x,1] is also the polynomial ring Z [w1, W3, PW3, * * *, Wg, bW,] since 
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the substitution w, +> Wy, Ws; > Wj, Woj41 Œ Woj41 + W1 Wo; = Bw, for i > 0 is 
invertible, being its own inverse in fact. Thus Z,[w ,--+,W2,,,] splits as the tensor 
product of the polynomial rings Z,[w,] and Z>[w>;, Bw2;], each of which is invariant 
under f. Moreover, viewing Z>[w ,---,W2,,,] as a chain complex with boundary 
map £, this tensor product is a tensor product of chain complexes. According to 
the algebraic Künneth theorem, the homology of Z,[w ,---,W»2,,,] with respect to 
the boundary map f is therefore the tensor product of the homologies of the chain 
complexes Z,[w,] and Z,[w5,, Pwi]. 

For Z,[w,] we have Bwt) = bwt, so Kerf is generated by the even powers 
of w, all of which are also in Im £, and hence the B-homology of Z [w;] is trivial in 
positive dimensions; we might remark that this had to be true since the calculation is 
the same as for RP” . For Z [w>;, Bw>;] we have B(w!,(Bw>,)'”) = wf! (Bw) ™ t, 
so Ker $ is generated by the monomials wt; (Bwp;)™ with £ even, and such monomials 
with m > 0 are in Im £. Hence Ker f/Im£f = Z, [w5;]. 

For n = 2k, Z [w], ::*, Wg] is the tensor product of the Z,[w»;, Bw»;|’s for 
i < k and Zo[w1, W2], with f (wə) = W1 Wg. We then have the formula Bwt wh) = 
buh wi + mw wm = (0+ m)wlt wm. For wtw? to be in Ker B we must have 
L +m even, and to be in ImB we must have in addition £ > 0. So KerB/ImB = 
Z>[wx]. 

Thus the homology of Z,[w,,---,w,,] with respect to f is the polynomial ring in 
the classes we the mod 2 reductions of the Pontryagin classes. By general properties 
of Bocksteins this finishes the proof of part (a) of the theorem. 

The case of Gh, is simpler since w, = 0, hence Bw»; = wWo,;,, and wzi; = 0. 
Then we can break Z>[w»>,--+,W,,] up as the tensor product of the chain complexes 
Z5[Wo;, W2;411, plus Zo[W>,] when n = 2k. The calculations are quite similar to those 
we have just done, so further details will be left as an exercise. o 
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3.3. Characteristic Classes as Obstructions 


In the introduction to this chapter we sketched how Stiefel-Whitney classes mea- 
sure the number of linearly independent sections a vector bundle has over the various 
skeleta of a CW complex base space. Now we work out the details of this idea. 


Obstructions to Sections 


There are many situations where one wishes to find a section of a fiber bundle 
p:E—X, a map s:X—E with ps = 1, so that s(x) € p '(x) forall x € X. We 
will describe a fairly geometric approach to the problem of constructing sections that 
is close to the way that Stiefel-Whitney classes were originally defined. We will first 
describe the theory for general fiber bundles, then specialize to the case that yields 
Stiefel-Whitney classes. It may be worth mentioning that there is another approach 
to the general section problem that is less geometric and uses instead some basic 
constructions in homotopy theory. This is described in §4.3 of the author’s algebraic 
topology book. 

As a warm-up, let us consider the problem of deciding when an n-dimensional 
vector bundle E over a connected CW complex X is orientable. As we know from 
Proposition 3.11 this is determined by whether the first Stiefel-Whitney class w, is 
zero or not. Orientability of E over X is equivalent to orientability of its restriction 
over the 1-skeleton X!, and a vector bundle over a 1-dimensional CW complex is 
orientable if and only if it is trivial. Thus if V,,(E)—X denotes the associated bundle 
of orthonormal n-frames in fibers of E, we are looking for a section of V,,(E) over X!. 
The fiber of V,,(E) is the orthogonal group O(n). We will use the fact that 71)(O(n)) 
is Z,, with the two components distinguished by the sign of the determinant, which 
tells whether an isometry of R” preserves or reverses orientation. There is certainly 
a section s of V„(E) over X°, and this determines orientations of the fibers of E over 
O-cells of X and hence also over neighborhoods of the 0-cells. In order to extend the 
section over a 1-cell e} the two orientations at the ends of e must agree. We can 
assign to e} an element w(ex) of ™)(O(n)) ~ Z, measuring whether this extension is 
possible or not. Thinking of Z, as the additive group of integers mod 2, then w(ex) 
is O or 1 according to whether the two orientations at the end of e} agree or not, 
when one orientation is transferred along el to the other end using the fact that E is 
trivial over e}. We can regard w as a 1-dimensional cellular cochain on X, a function 
assigning an element of Z, to each 1-cell. This cellular cochain is a cellular cocycle 
since it vanishes on the boundary of any 2-cell, the vector bundle E being trivial over 
the 2-cell, so that in going around the loop of edges in its boundary there must be 
an even number of reversals of orientations across these edges. If we rechoose the 
orientation over a 0-cell this adds 1 to w(e}) for each end of an edge e} abutting 
the 0-cell. Thus the cocycle w changes by adding the coboundary of the cellular 
0-cochain that assigns 1 to this 0-cell and O to all other O-cells. It follows that we 
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have a well-defined class [w] in H'(X;Z,) = H'(X;1t)(O(n))). If the vector bundle is 
trivial over X! then [w] will be zero since we can choose orientations consistently in 
all fibers over X! so the associated cocycle w will be identically zero. Conversely, if 
[w] is zero then the cocycle w is acoboundary, so by rechoosing the orientations over 
O-cells we can make w identically zero and hence choose orientations consistently 
over all of X?. 

To summarize, we have a well-defined element [w] € H'(X;Z>) whose vanishing 
is necessary and sufficient for the vector bundle to be orientable. The class w, has 
the same property, and in fact [w] = w, since as we saw in Proposition 3.11, w, 
measures exactly whether loops in X preserve or reverse orientation, and every such 
loop is homotopic to a loop in Xt, where w is measuring exactly the same thing. 

Now let us consider the general problem of finding a section s for a fiber bundle 
p:E—X with fiber F. It will be useful, and really no extra work, to consider also a 
relative form of the problem, where the section s is required to extend a given section 
ona subspace A cC X. We will make the following simplifying assumptions: 


(1) The base space X is a connected CW complex and A is a subcomplex. 

(2) The fiber F is path-connected and mq (F) acts trivially on 7r,,(F) for all n. This 
means that we do not have to worry about the choice of basepoints in F since 
different choices of basepoint always produce canonically isomorphic homotopy 
groups. 

(3) The action of m (X) on 7r,,(F) is trivial for each n. Stated in other words, this 
is saying that the covering space of X formed by the groups TT, (p *(x)) for x 
varying over X is the trivial covering space, the product X xTr,,(F). Hence we 
have a canonical identification of tr,,(p~'(x)) with tr, (F) for all fibers p~!(x). 


The plan is to try to construct the section s inductively over the skeleta of X. For the 
induction step we assume that s has already been constructed on the n-skeleton X” 
and we wish to extend it over X"*!. Consider a map ®:(D"*!,§") > (X"*!, X”) such 
as the characteristic map of an (n + 1)-cell of X. For the restriction p = |S" we 
have a lift G = sp :S”— E, and © gives a nullhomotopy g; of the projection pg = p 
by restriction to the family of concentric spheres in D”*! shrinking down to the 
center of D"*!. This data (J, g,) determines a unique element w,(®) € 7,,(F) in the 
following way. The homotopy lifting property says that we can lift the nullhomotopy 
g, toahomotopy ğı of ğ = gy to a map g,:S"—F. Any two choices of lifting g, give 
homotopic maps g, : S” — F, by applying the relative homotopy lifting property to the 
identity homotopy between the projections pg,. Similarly, a homotopy of ® gives rise 
to a homotopy of g,. Thus we have a well-defined map w, :11,,,;(X"*!,X") Tr, (F). 
It is easy to check from the definitions that w, is a homomorphism when n > 0 so 
that 7r,,,,(X"*', X”) is a group. 

If the section s over X” extends to a section over X"*' then w,(®) is zero for all 
characteristic maps ® of (n + 1)-cells of X since the section gives lifted homotopies 
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Gg, ending at constant maps g,. Conversely, if w() = 0 for a characteristic map ® 
then we can modify a given lifted homotopy g, so that it ends with a constant map 
ğı to the fiber F, using the local product structure of the bundle near F, and then g, 
defines an extension of the section s over the (n + 1)-cell. In particular, this happens 
for n = 0 since 7t)(F) = 0 by condition (2). So we may assume n > 0 from now on. 

If we view w, as assigning to each (n + 1)-cell of X the element w,(®) € mT, (F) 
for ® acharacteristic map for the cell, then w, is a cellular cochain, ahomomorphism 
Hp, (X11, X”) >m, (F). 


| Lemma 3.18. The cellular cochain w, is a cellular cocycle. 


Proof: For w, to be a cellular cocycle means that it vanishes on cellular boundaries, 
or in other words, that the composition across the top of the following diagram is 
Zero. 


Ha XX) E E O me eX) 


h| n| d A 


TX x) ao Tp (X) = MaN RE 


Ws 


TT, (F ) 


The vertical maps are Hurewicz homomorphisms. These are natural, so the two 
squares commute. Let us check that the triangle on the right also commutes, which 
amounts to saying that the lower w, factors through H,,,,(X"'',X"). The rela- 
tive Hurewicz theorem asserts that the map h in the triangle becomes an isomor- 
phism after factoring out the action of tr, (X") on 7r,,,,(X"*',X"). This just allows 
nonbasepoint-preserving homotopies of maps ®:(D"*!, 5") (x"*!, x"), and the 
earlier statement that the element w,(®) € 71,,(F) was unchanged under homotopy 
of ® did not require that basepoints be preserved. Thus we see that the triangle 
commutes. 

Since the first h in the diagram is clearly surjective, the composition across 
the top of the diagram will be zero if the composition across the bottom is zero. 
To see that it is, let g:(D"**,S"*', sy) > (X"**, X"+! x9) represent an element of 
Tn, (X"**, X"+, x9). By the homotopy lifting property there is a lifting g:D"** — E 
with (so) = s(x). View g |S”! asamap g’:D"*!—xX"*? taking 0D"*! to the base- 
point x,, and likewise view g|S"*! as a map g’:D"*!—E with g’(aD"*') = G(s9) = 
s(X 9). Since g’ is a lift of g’ defined over all of D"*' , the class [g’] € Tt, ,,(X""', X”) 
maps to zero in TT, (F). o 


In case the section s is already defined over the subcomplex A, w, is a relative 
cocycle, vanishing on cells in A, hence w, defines an element of H"*!(X, A; T, (F)). 
Note that when n = 1, the coefficient group tq (F) is abelian by assumption (2), so 
H’ (X, A; r, (F)) makes sense. 
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Proposition 3.19. As s varies over sections X” U A—E which agree with the given 
s on X"! UA, the associated cocycles w s vary over exactly a coset of the subgroup 
of coboundaries. In particular, the class [w,] € HULK , A; Tp (F)) is zero iff the 
section s |X"! U A extends to a section X"*! VASE. 


This last statement would have been much nicer if instead of saying that the 
restriction s ae UA extends to a section X"*! U A—E it had said simply that 
s|A extends to a section X"*' UA—Y. However, this is too much to hope for. The 
problem is that by changing s on lower-dimensional cells of X — A, the cohomology 
class of w, can change, and perhaps become zero. 


Proof: Let s and s’ be two sections X” U AE which agree on X”! UA. Then for 
an n-cell eg of X with characteristic map ®g the two compositions s@, and S'Bp are 
maps D” —E agreeing on 0D", which therefore define a map S” = D” UD" —E. The 
composition of this map with the bundle projection p is obviously nullhomotopic, and 
lifting the evident nullhomotopy gives a map S"—F. Assigning to eg the element 
of 1,,(F) determined by this map defines a relative cellular n-cochain n, for the 
pair (X, A), called the difference cochain. We claim that ôns s = +(w, — ws). To see 
this, consider the map h:(XxI)"—E which equals s on X"x {0}, s’ on X"x {I}, 
and s =s’ in each level X”! x {t} of X""'!xI. Let w, be the obstruction cocycle to 
extending h over X”xI. Let us compute dw), explicitly. For a cell e%*! of X with 
der = Sg nggeg in the cellular chain complex of X we have 


de" (0,1) = et 2 (0) Eee" x00;)) 
= Yignggleg x (0, 1)) + (egt! x {1} -eg x {0}) 


in the cellular chain complex of X xI. The value of w, on d(e"*! x (0, 1)) is therefore 


Y pNopOn legx (0, 1)) + (wy (ext) — w,(en*!)) 
This equals 6n, (ek) + (wy (eg) — w,(en*")) since wy, (eg x (0,1)) = Ny (eg) 
and dent! = >g Ny pep - By the previous lemma, wp is a cocycle, hence vanishes 


on d(en*!x(0,1)). So nst + (Wy — ws) vanishes on all cells e?*', proving that 


Wy — W, = +6n, s. This gives half the proposition, that varying s staying fixed on 
X"1UA keeps w ç within the same cohomology class. 

For the converse, given a cochain n assigning an element of 77,,(F) to each n-cell 
of X —A, we can modify a given section s:X" UA—E to anew section s’:X" UAE 
by changing s on each n-cell eg of X — A so that s and s’ define a map S” = 
D” U D” >E representing n(eg), using the fact that E is a product over eg. Then by 
the preceding paragraph we have w, — w, = +6n. So w, can be varied arbitrarily 
within its cohomology class. o 


This theory of obstructions to the existence of sections also gives obstructions 
to the uniqueness of sections up to homotopy since a homotopy of sections of E —>X 
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is the same as a Section of the product ExI— XxI. Thus we need to consider the 
existence of sections for the pair (X x I, X x 0I U AxI), and the obstruction to finding 
a homotopy s,:X"—E fixed on A between sections Sọ, Sı : X” —E which agree on A 
lies in H"*'(XxI,Xx0I U AXI; t, (F)) ~ H"(X, A; mt, (F)). 

The assumption that the bundle of groups Trip (x)) is trivial can be avoided by 
taking H"*!(X, A; TT, (F)) to mean cohomology with local coefficients in this bundle 
of groups. There are some extra technical complications in developing the theory in 
this generality, however, so we shall not do this here. 


The Primary Obstruction 


Now let us describe a commonly encountered situation where there is a well- 
defined first obstruction to extending a given section from A to X. The succes- 
sive obstructions to the existence and uniqueness of an extension over X i lie in 
H'(X, A;7;_,(F)) and H'(X, A;71r;(F)). Suppose that these cohomology groups van- 
ish up to some dimension n, or more precisely H'(X, A; T,_,(F)) = 0 fori < n+1 and 
H'(X, A;71;(F)) = 0 for i < n. This holds for example if F is (1—1)-connected. Then 
a section exists over X” U A extending the given section over A, and over X”! U A 
this extended section is unique up to homotopy. It follows that the obstruction in 
H"*'(X,A;7t,,(F)) to extending the section over X"*' is well-defined, independent 
of any choices. 

A useful fact in the case that 77;(F) = O for i < n is that this first obstruction 
w(E) € H”! (X, A; Tt, (F)) satisfies a naturality property. Taking A = Ø for simplic- 
ity, a map f :Y—X pulls E back to a bundle f*(E), and the naturality assertion is 
that w(f*(E)) = f*(w(E)) € H"*!(Y;71,,(F)). To show this, we may assume f is 
cellular since a homotopy of f to acellular map yields an isomorphic pullback f* (E). 
A section s of E over X” gives a section f*(s) of f*(E) over Y”, by the definition of 
f*(E), and w p(s) (®) = w,(f®) for &:(D"*",S") > (¥"*", Y”). So we have the rela- 
tion W p(s) = Ws Fg! Trai (Y, Y”) > Tp (X""", X”) > 1, (F), and the same rela- 
tion W f(s) = W;f, holds with H,,,, in place of 7,,,, since the Hurewicz map is onto. 
Taking cohomology classes, this is the naturality property w(f*(E)) = f*(w(E)). 


Stiefel-Whitney Classes as Obstructions 


We will show that for an n-dimensional vector bundle E over a CW base space X, 
w,(E) is the mod 2 first obstruction to the existence of n — i + 1 linearly independent 
sections of E. To reformulate this as a single section problem, let V,(E) be the space 
of orthonormal k-frames in fibers of E, with respect to some fixed inner product on 
E. There is then a fiber bundle V;,(R")—>V;,(E) > X with fiber the Stiefel manifold 
V,(R") of orthonormal k-frames in R”, and a section of this bundle is equivalent to 
k orthonormal sections of E. By Gram-Schmidt orthonormalization, this in turn is 
equivalent to k linearly independent sections. 
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To apply obstruction theory to the bundle V,(R") — V,(E) > X we need to know 
the first nontrivial homotopy group of the fiber. When k = n we have V,(R") = 
O(n), whose first nonvanishing homotopy group is Tro ~ Z. One of the simplifying 
assumptions we made above was that the fiber F was path-connected, so the case 
k = n will not be covered by the general theory we developed. However we already 
described how w (E) is the first obstruction to the existence of a section of V,,(E), 
so we can Safely skip this case and assume from now on that k < n. 


Lemma 3.20. The first nonvanishing homotopy group of V,(R") is Tt -g which is Z 


ifn —k is even or if k = 1, and Z, otherwise. 


Proof: The fiber bundles Vg; (R7!) +V,(R") +S” | obtained by restricting each 
k-frame to its last vector fit together into a diagram 


SHE = (RYE) o VRTE?) ee o Wal R") > VR”) 


| | 


gus! ere çr? gnel 


Applying Tr; to the inclusions across the top of this diagram, we see that Tr; is zero 
for each space if i < n —k, while if i = n — k then the first inclusion induces a 
surjection and all later inclusions induce isomorphisms. Thus it remains to com- 
pute 7,,_,(V2(R” **?)), The Stiefel manifold V, (R”7%+?) can be identified with the 
unit tangent bundle to Seek: iA portion of the Gysin sequence for the bundle 
sn-k_, y, (RM 7) gn is 


0 — H"-*(v,(R™ **)) = H®(st-*1) ve |e mee Rime = 
HO EVAR) — H! (gree) = 0 


The Euler class e is zero if n — k is even since §”~**! has a nonzero tangent vector 
field in this case. The exact sequence then shows that the first nonzero cohomology 
group of V,(R"***) is H"-* = Z, so when n — k is even the result follows by the 
universal coefficient theorem and the Hurewicz theorem. If n — k is odd then we 
showed in Proposition 3.14 that e is twice a generator, so in this case the first nonzero 
cohomology group of V, ( Re ist tS Z, , so the universal coefficient theorem 
and Hurewicz theorem again give the stated result. o 


The proof of the proposition also provides a map S” >V, (R”) generating the 
cyclic group Trn- (Vg(R”)), namely the composition of the inclusions across the top 
of the diagram at the beginning of the proof. In this composition, the first vector of a 
k-frame varies over the unit sphere S n-k in R™-+1 while the remaining k -— 1 vectors 
are fixed as the last k — 1 standard basis vectors in R”. 

From the proposition we see that the first obstruction to a section of V; (E) lies in 
H” +1 (X; Ttg (Vk (R”))), where the coefficient group is either Z or Z; . Incase itis Z, 
there is the possibility that we might have to take local coefficients, a complication we 
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can avoid by considering only the mod 2 obstruction, that is, we reduce coefficients 
mod 2 so that the bundle of groups Tr,,_,(V;,(R")) ®aZ, associated to the bundle 
V,(R") >V (E) +X is a product bundle. The earlier arguments then show that there 
is a well-defined mod 2 first obstruction w,,_,4,(E) € H aC Zə) to the existence 
of a section of V,(E) > X. Letting i = n — k + 1, this says that w,(E) € H'(X;Z,) 
is the mod 2 first obstruction to the existence of k = n — i + 1 orthonormal sections 
of E. 


| Proposition 3.21. w;(E) = w;(E), the it Stiefel-Whitney class, for all i. 


Proof: Since w; and w; are both natural, it suffices to prove the proposition for 
the universal bundle E,,—G,,. We know that H* (G; Zo) = Z,[w,---,w,,] where 


w; = w,(E,), so w;(En) is a polynomial in the classes w;. Since w,(E,) lies in 


HG, Z>), this polynomial must have the form p(w ,:--,w,;_,) + Aw, for AE Zp. 

First we show that p(w),---,wW,;_,) must be zero. Let E—G,_, be the direct 
sum of E;_, with a trivial bundle of dimension n — i+ 1 and let f:G,;_;—G,, bea 
map with f*(E,,) = E. By the Whitney sum formula, f*:H*(G,,3Z.) > H*(G;_1;Z>) 
sends w; to w,(Ej;_,), which is zero for j = i since E;_; has dimension i — 1, so 
Ww (E) = f* (wi (E,)) = f* (p (w1, ++, Wy_y) + AW,) = p(w, (Ei), +, wi- (Ei). 
But w,(E) = 0 since E has n —i+1 orthonormal sections from its trivial summand. 
Hence p is the zero polynomial. 

To show that A = 1 it suffices by naturality to find a single bundle having w; + 0. 
When i = n, w; is the obstruction to the existence of one nonvanishing section and 
we use the bundle E; (R+!) — G; (R+), where G,(R‘*') is the Grassmann manifold of 
i-planes through the origin in R‘*!. Such planes are determined by their orthogonal 
line, so G,(R'*!) can be identified with RP’. We can regard points of G,(R‘*') as 
pairs of parallel i-planes tangent to antipodal points of SÍ, and E,(R‘*?) consists 
of pairs of vectors in these parallel i-planes, one vector in each pair being a parallel 
translation of the other. The unit tangent vector field on S } pointing directly toward 
the north pole consists of such pairs of vectors, hence defines a section of E; (RÉ!) 
over all but one point of G,(R'*) = RP’, the point defined by the north and south 
poles. The obstruction to extending this section over the pole is clearly the cochain 
assigning a generator of Tti] (S‘!) to the i-cell of RP’, since the vector field points 
radially inward at the north pole. Hence the obstruction w;(E;(R‘*!)) € H'(RP';Z>) 
is nonzero. 

When i < n we take the direct sum of the bundle £;(R‘*') with a trivial bun- 
dle of dimension n — i. This has n —i orthonormal sections from the product 
factor, plus the previously constructed partial section in EAR), so the obstruc- 
tion w; is the image of the obstruction in the previous case under the coefficient 
homomorphism 17;_;(V,(R‘)) > Tt; (Vn-i41(R”)) induced by the natural inclusion 
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V,(R') > V,_;,,(R"). This homomorphism is surjective as we saw in the proof of 
Lemma 3.20, hence is a mod 2 isomorphism. So w; + 0. Oo 


Euler Classes as Obstructions 


As we Saw in Proposition 3.13, the Euler class of an orientable vector bundle is 
zero if the bundle has a nonvanishing section, or equivalently if its unit sphere bundle 
has a section. In fact: 


Proposition 3.22. The first obstruction to the existence of a section in the unit sphere 
bundle of an orientable n-dimensional vector bundle E> xX is +e(E) € H"(X;Z) 
where e(E) is the Euler class of E. 


Proof: Let p :S(E)— X be the unit sphere bundle. Orientability means that the bundle 
of groups H,,_,(p '(x)) is trivial. By the Hurewicz theorem this is the same as the 
bundle of groups 71,,_,(p '(x)). So there is a first obstruction w € H"(X;Z), well- 
defined up to sign, the choice of identification 1r,,_,(p~'(x)) ~ Z, whichis determined 
by achoice of orientation of E. Since E is the pullback of the universal oriented bundle 
E,—G, via a map f:X—G,, it suffices to show the result for E,,, by naturality of w 
and e. 
Part of the Gysin sequence for the sphere bundle tr :S(È,„) > Ge is 


Za H°(G,) —> H"(G,) => H"(S(E_)) 


The pullback 7r*(S(E,,)) consists of pairs (v, v’) € S(È„)xS(È„) such that m(v) = 
T(V’), so the bundle mr*(S(E,,)) > S(E,,) has the section v + (v,v). Thus the ob- 
struction w (T * (S(E,,) jan (w(E,,)) is zero, hence exactness of the sequence above 
implies that w(E,,) = Ae(E,,) for some A € Z. 

Consider first the case n even. If we can show that w(TS”) = +e(TS") € H"(S") 
for TS” the tangent bundle to S”, then it will follow from naturality that A = +1. By 
Proposition 3.14, e(TS") is twice a generator of H"(S"), so we need to see that the 
same is true for w(TS"). The unit tangent vector field to S” pointing directly toward 
the north pole is undefined at the poles, and the obstruction to extending at each pole 
is a generator of 17,,_,(S""') since at one pole the vector field points radially outward 
and at the other radially inward, so at one pole one has the identity map of the fiber 
5"! and at the other the antipodal map. Giving S” a CW structure with the two 
hemispheres as n-cells, the obstruction cocycle assigns +1 to each of these n-cells, 
so w(TS") is either zero or twice a generator of H"(S"), but it cannot be zero since 
S” has no nonvanishing vector field if n is even. 

The case n odd is perhaps less interesting since Euler classes always have order 
at most two in this case, as we observed shortly after the definition of Euler classes. 
Thus in the formula w(E,) = Ae(E,) we may assume À is either 0 or 1. When n = 1 
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the desired equality w(È,) = e(E,,) holds vacuously since H HG.) =), G,, being 
simply-connected. When n > 1 it will suffice to show w(E,) is nonzero. As we saw 
in Proposition 3.21 the mod 2 first obstruction to the existence of a section of the 
orientable bundle E,, is w,,(E,,), and this is nonzero if n > 1 since the kernel of the 
surjection H*(G,;Z.) ~H*(G,;Z>) is the ideal generated by w,. Since the mod 2 
obstruction is nonzero, the obstruction with Z coefficients is also nonzero. o 


With more care one can show that in fact w(E) = +e(E), but we leave this as an 
exercise. 


Exercises 

1. Show that every class in H 2K (Cp) can be realized as the Euler class of some vector 
bundle over CP” that is a sum of complex line bundles. 

2. Show that c5;,,;(E°) = B(w»;(E)ws;,,(E)) where B denotes the Bockstein homo- 
morphism associated to the short exact sequence 0O—-Z—Z—Z,—0. 


3. For an oriented (2k + 1)-dimensional vector bundle E show that e(E) = Bw», (E), 
with f as in the preceding exercise. 


Chapter 4 
The J-Homomorphism 


Homotopy groups of spheres are notoriously difficult to compute, but some par- 
tial information can be gleaned from certain naturally defined homomorphisms 


J: Ti LON))—> Tpi lS”) 


The goal of this chapter is to determine these J-homomorphisms in the stable dimen- 
sion range n >> i where both domain and range are independent of n, according to 
Example 4.55 of [AT] for O(n) and the Freudenthal suspension theorem [AT] for S”. 
The real form of Bott periodicity proved in Chapter 2 implies that the domain of the 
stable J-homomorphism rr;(O)— rr} is nonzero only for i = 4n — 1 when 77;(O) is 
Z and for i = 8n and 8n + 1 when 77,(O) is Z). In the latter two cases we will show 
that J is injective. When i = 4n — 1 the image of J is a finite cyclic group of some 
order a,, since Tr; is a finite group for i > 0 by a theorem of Serre proved in [SSAT]. 
The values of a, have been computed in terms of Bernoulli numbers. Here is a 
table for small values of n: 
n 1 2 3 4 5 6 7 8 9 10 11 
Apn | 24 240 504 480 264 65520 24 16320 28728 13200 552 


In spite of appearances, there is great regularity in this sequence, but this becomes 
clear only when one looks at the prime factorization of a„. Here are the rules for 
computing a,,: 

1. The highest power of 2 dividing a,, is 2%+3 where 2° is the highest power of 2 
dividing n. 

2. An odd prime p divides a,, iff n is a multiple of (p — 1)/2, and in this case 
the highest power of p dividing a,, is pt! where p’ is the highest power of p 
dividing n. 

The first three cases p = 2,3,5 are shown in the following diagram, where a vertical 
chain of k connected dots above the number 4n — 1 means that the highest power of 
p dividing a,, is p“. 
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E EEI E ETE TR iat 


3 7 11 15 19 23 27 31 35 39 43 47 51 55 59 63 67 71 75 79 83 87 91 95 99 103 107 


TE OE DOE TO POE E P 


3 7 11 15 19 23 27 31 35 39 43 47 51 55 59 63 67 71 75 79 83 87 91 95 99 103 107 


39 79 119 159 199 239 279 319 359 399 439 479 519 559 599 639 679 719 759 799 839 879 919 959 999 


4.1 Lower Bounds for Im J 


After starting this section with the definition of the J-homomorphism, we will 
use a homomorphism K(X) — H*(X; Q) known as the Chern character to show that 
a,/2 is a lower bound on the order of the image of J in dimension 4n — 1. Then 
using real K-theory this bound will be improved to a,,, and we will take care of the 
cases in which the domain of the J-homomorphism is Z>. 

The simplest definition of the J-homomorphism goes as follows. An element 
[f] € mT;(O(n)) is represented by a family of isometries fy € O(n), x € SÉ, with Fe 
the identity when x is the basepoint of St. Writing S"*' as a(D"*! xD") = Sx D” u 
pD'*!xs"" and S” as D"/dD", let J f(x,y) = fy(”) for (x,y) € S'xD" and let 
Jf(D'™!xs"'!) = ap”, the basepoint of D"/dD". Clearly f ~ g implies Jf = Jg, 
so we have a map J:177,(O(n))—T71,,,;(S"). We will tacitly exclude the trivial case 
i=0. 


| Proposition 4.1. J is a homomorphism. 


Proof: We can view Jf as a map I”*'—+S§" = D”/3D” which on S'xD" c I”"+! is 
given by (x,v)+> f(v) and which sends the complement of S ix D” to the basepoint 
dD". Taking a similar view of Jg, the sum Jf + Jg is obtained by juxtaposing these 
two maps on either side of a hyperplane. We may assume f, is the identity for x in 
the right half of S and gx is the identity for x in the left half of S i. Then we obtain 
a homotopy from Jf + Jg to J(f +g) by moving the two S'x D”’s together until 
they coincide, as shown in the figure below. 


CD GD > Gis) - Gp 


We know that 77;(O(n)) and Q are independent of n for n > i +1, so 
we would expect the J-homomorphism defined above 
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to induce a stable J-homomorphism J :m;(0)—> r, via Tt;(O(n)) —> 77, (O(n +1) 
commutativity of the diagram at the right. We leave it as P y : | 
an exercise for the reader to verify that this is the case. Kyl) = Ras”) 
Composing the stable J-homomorphism with the map 7r;(U) > 71;(O) induced by 
the natural inclusions U(n) c O(2n) which give an inclusion U c O, we get the stable 
complex J-homomorphism J¢ :11;(U) — 711; . Our goal is to define via K-theory a homo- 
morphism e:1t7-—>Q/Z for i odd and compute the composition eJ¢:1t;(U) > Q/Z. 
This will give a lower bound for the order of the image of the real J-homomorphism 
™,(O)— T; when i =4n-1. 


The Chern Character 


The total Chern class c = 1+ c} + C +--+ takes direct sums to cup products, 
and the idea of the Chern character is to form an algebraic combination of Chern 
classes which takes direct sums to sums and tensor products to cup products, thus 
giving a natural ring homomorphism from K-theory to cohomology. In order to make 
this work one must use cohomology with rational coefficients, however. The situation 
might have been simpler if it had been possible to use integer coefficients instead, but 
on the other hand, the fact that one has rational coefficients instead of integers makes 
it possible to define a homomorphism e:1r;,,_,(S°") > Q/Z which gives some very 
interesting information about the difficult subject of homotopy groups of spheres. 

In order to define the Chern character it suffices, via the splitting principle, to do 
the case of line bundles. The idea is to define the Chern character ch(L) for a line 
bundle L—X to be ch(L) = e®® =1+4c,(L) +¢,(L)?/2!+ +++ € H*(X;Q), so that 
ch(L 8L) = etl S42) = ptillidter(la) = eatea) = ch(L,)ch(L>). If the sum 
1+c,(L)+c,(L)*/2!+-- - has infinitely many nonzero terms, it will lie not in the direct 
sum H*(X;Q) of the groups H"(X;Q) but rather in the direct product. However, in 
the examples we shall be considering, H” (X; Q) will be zero for sufficiently large n, 
so this distinction will not matter. 

For a direct sum of line bundles E ~ L; ® --- @L, we would then want to have 


ch(E) = )ich(L,) = Diet ant (ty tes tty) tee t+ (th tes tE) k+ 


where t; = c,(L,). The total Chern class c(E) is then (1+¢,)---(1+t,) =1+0 + 
-+ + On, where g; = c,(E) is the jt” elementary symmetric polynomial in the t;’s, 
the sum of all products of j distinct t;’s. As we saw in §2.3, the Newton polynomials 
Ss, satisfy i +--+ tk = S(O], ***, 0k). Since o; = c;(E), this means that the 
preceding displayed formula can be rewritten 
ch(E) = dimE + >) sg(c1 (E), +- +, C,(E))/k! 
k>0 

The right side of this equation is defined for arbitrary vector bundles E, so we take 
this as our general definition of ch(E). 
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|| Proposition 4.2. ch(E, ®E>) = ch(E,) + ch(E,) and ch(E, ®E>) = ch(E,)ch(E>). 


Proof: The proof of the splitting principle for ordinary cohomology in Proposition 
2.3 works with any coefficients in the case of complex vector bundles, in particular 
for Q coefficients. By this splitting principle we can pull E, back to a sum of line 
bundles over a space F(E,). By another application of the splitting principle to the 
pullback of E, over F(E,), we have a map F(E}, E2)—X pulling both E; and E, back 
to sums of line bundles, with the induced map H*(X;Q)—H™*(F(E,, E>);Q) injec- 
tive. So to prove the proposition it suffices to verify the two formulas when E, and E, 
are sums of line bundles, say E; = © ,L;; for i = 1,2. The sum formula holds since 
ch(E, ®E,) = ch(®, jLij) = dij ei) = ch(E,) +ch(E>), by the discussion preced- 
ing the definition of ch. For the product formula, ch(E, ® E>) = ch(® ; 4 (L1; ®L2x)) = 
>k CA(L 1; @ Lox) = dij Ch(L1j)chLo,) = ch(E,)ch(E>). Oo 


In view of this proposition, the Chern character automatically extends to a ring 
homomorphism ch:K(X)—H*(X;Q). By naturality there is also a reduced form 
ch:K(X)—H*(X;Q) since these reduced rings are the kernels of restriction to a 
point. 

As a first calculation of the Chern character, we have: 


Proposition 4.3. ch:K(S°") +H?" (S*": Q) is injective with image equal to the sub- 
group H2"(S2"-7) c A?” (S?”; Q). 


Proof: Since ch(x @(H —1)) = ch(x) ~ ch(H — 1) we have the commutative dia- 
gram shown at the right, where the upper map is external 


K(X) —— K(S°X 
tensor product with H — 1, which is an isomorphism by ( A ( i ) 
Bott periodicity, and the lower map is cross product with ~, ahs 

H*(X;Q) = H*(S°X;Q) 


ch(H - 1) = ch(A) -—ch(1) = 1 +c&(H)-1 = c (H),a 
generator of H?(S*;Z). From [AT, p.276] the lower map is an isomorphism and re- 
stricts to an isomorphism of the Z-coefficient subgroups. Taking X = S°”, the result 
now follows by induction on n, starting with the trivial case n = 0. o 


An interesting by-product of this is: 


| Corollary 4.4. A class in H?” (S?”; Z) occurs as a Chern class c,(E) iff it is divisible 
by (n-1)!. 


Proof: For vector bundles E— S°” we have c,(E) = +++ = cp- (E) = 0, so ch(E) = 
dim E +s, (C1, ***, Cp) /n! = dimE+nc,,(E)/n! by the recursion relation for s,, derived 
in §2.3, namely; s, = .0]5y-7 — OSyp- bee + (=1) 2 Tp 45, + ED" ino. m 


Even when H*(X;Z) is torsionfree, so that H*(X;Z) is a subring of H*(X;Q), 
it is not always true that the image of ch is contained in H*(X;Z). For example, if 
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L € K(CP") is the canonical line bundle, then ch(L) = 1+c+c*/2+---+c"/n! 
where c = c} (L) generates H? (CP”; Z), hence c* generates H°*(CP":Z) fork <n. 
The Chern character can be used to show that for finite cell complexes X, the 
only possible differences between the groups K*(X) and H*(X;Z) lie in their tor- 
sion subgroups. Since these are finitely generated abelian groups, this will follow if 
we can show that K*(X)®Q and H*(X;Q) are isomorphic. Thus far we have de- 
fined the Chern character K°(X)—H°"’°"(X;Q), and R(X) ls FeYe"(SX-Q) 
it is easy to extend this formally to odd dimensions by I xR 
the commutative diagram at the right. K(X) “> H(X;Q) 


Proposition 4.5. The map K*(X) ®Q@—H*(X;Q) induced by the Chern character 
is an isomorphism for all finite cell complexes X . 


Proof: We proceed by induction on the number of cells of X. The result is triv- 
ially true when there is a single cell, a 0-cell, and it is also true when there are two 
cells, so that X is a sphere, by the preceding proposition. For the induction step, 
let X be obtained from a subcomplex A by attaching a cell. Consider the five-term 
sequence X/A—SA—SX—>SX/SA—S°A. Applying the rationalized Chern charac- 
ter K*(—) ®Q—H*(-;Q) then gives a commutative diagram of five-term exact se- 
quences since tensoring with Q preserves exactness. The spaces X/A and SX/SA 
are spheres. Both SA and S°A are homotopy equivalent to cell complexes with the 
same number of cells as A, by collapsing the suspension or double suspension of 
a O-cell. Thus by induction four of the five maps between the two exact sequences 
are isomorphisms, all except the map K* (SX) ®Q—H*(SX;Q), so by the five-lemma 
this map is an isomorphism as well. Finally, to obtain the result for X itself we may 
replace X by S*X since the Chern character commutes with double suspension, as 
we have seen, and a double suspension is in particular a single suspension, with the 
same number of cells, up to homotopy equivalence. oO 


The e Invariant 


Now let us define the main object we will be studying in this section, the homo- 
morphism e:7t5,,_;(S°") + Q/Z. For a map f:S*"” '—S*" we have the mapping 
cone Cr obtained by attaching a cell e*™ to $*" by f. The quotient C f iS is 5 
so we have a commutative diagram of short exact sequences 

0 —— K(s’") K(C)) k(s*") — 0 
|en |en |en 
0 — A*S?” Q) — H*(C;;Q) — H(S°";Q) — 0 
There are elements a,B € K(C s) Mapping from and to the standard generators 
(H-1)*---*(H-1) of K(S°™) and K(S°"), respectively. In a similar way there 
are elements a,b € H*(C ;Q) mapping from and to generators of H’™(s5?™-7) and 
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H°"(S2":7). After perhaps replacing a and b by their negatives we may assume that 
ch(a) =a and ch(f) = b+ra for some r € Q, using Proposition 4.3. The elements 
f and b are not uniquely determined but can be varied by adding any integer mul- 
tiples of & and a. The effect of such a variation on the formula ch(f) = b+ ra is 
to change r by an integer, so 7 is well-defined in the additive group Q/Z, and we 
define e(f) to be this element r € Q/Z. Since f ~ g implies Cr ~ C}, we have a 
well-defined map e:1t>,,_,(S°™") > Q/Z. 


| Proposition 4.6. e is a homomorphism. 


Proof: Let C fg be obtained from S?” by attaching two 2m-cells by f and g, so 
C; contains both Cy and C}. There is a quotient map q:Cr,,—Cy,, collapsing 
a sphere S*”~! that separates the 2m-cell of C f+g into a pair of 2m-cells. In the 


upper row of the commutative diagram at the right we w N 
pp 8 8 K(C; o) q* K(C prg) 


ch ch 
AC, Q) + AC,,,;Q) 


have generators &s and «, mapping to &f+g and By, 
mapping to By,,, and similarly in the second row with 
generators ay, Ag, Afg, Pf g, and by,,. By restriction 
to the subspaces Cy and C} of Cy we obtain ch(Byg) = Deg + V¢apr + gag; SO 
Ch(B pig) = Desig + (Vp +g) Apsg- Oo 


There is a commutative diagram involving the double suspension: 


2 
Hoagie) 5, Maas 


> 
Q/Z 


Commutativity follows from the fact that Cs2f = S °C s and ch commutes with the 
double suspension, as we saw in the proof of Proposition 4.3. From the commutativity 
of the diagram there is induced a stable e-invariant e:75,_,> Q/Z for each k. 


Theorem 4.7. If the map f :S°**-!—U(n) represents a generator of Tt>,_,(U), then 
e(Jcf) = +B,/k where B, is defined via the power series 


x/(e* —1) = >) B,x'/i! 
Hence the image of J in 1t3,_, has order divisible by the denominator of B;,/k. 
The numbers f, are known in number theory as Bernoulli numbers. After proving 
the theorem we will show how to compute the denominator of g/k. 
Thom Spaces 


For a vector bundle E—B8B with unit disk bundle D(E) and unit sphere bundle 
S(E) the quotient space D(E)/S(E) is called the Thom space T(E). When B is compact 
this can also be regarded as the one-point compactification of E. Thom spaces arise 
in the present context through the following: 
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Lemma 4.8. C yf is the Thom space of the bundle E ¢ —> 5°k determined by the clutch- 
ing function f :S**-!—U(n). 


Proof: By definition, E f is the union of two copies of pD**xC" with the subspaces 
op°* xC” identified via (x,v) ~ (x, f,(v)). Collapsing the second copy of D°% xC” 
to C” via projection produces the same vector bundle E f, SO Ep can also be obtained 
from D°** xC” I C” by the identification (x, v) ~ f,(v) for x € 3D”. Restricting to 
the unit disk bundle D(Ey), we have D(E,) expressed as a quotient of D** x D°” LI 
Ds" by the same identification relation, where the subscript 0 labels this particular 
disk fiber of D(Ep). In the quotient T(E’) = D(E¢)/S(E¢) we then have the sphere 
s?” = Do" /dD6", and T(E,) is obtained from this S°” by attaching a cell e°**°” 
with characteristic map the quotient map D? x D?” + D(E fT (Ep). The attaching 
map of this cell is precisely Jf, since on dD7* x D2" it is given by (x,v) > f(v) € 
De" AD" and all of D** xaD*" maps to the point 3DF” /3 DF”. o 


In order to compute eJ-(f) we need to compute ch(f) where B € RC) = 
K(T(E,)) restricts to a generator of K(S*"). The S°” here is D§”/dD§" for a fiber 
D6” of D(Ey). For a general complex vector bundle E— X a class in K(T(E)) that 
restricts to a generator of K(S") for each sphere S” coming froma fiber of E is called 
a Thom class for the bundle. 

Let us show how to find a Thom class U € K(T(E)) fora complex vector bundle 
E— X with X compact Hausdorff. We may view T(E) as the quotient P(E @1)/P(E) 
since in each fiber C” of E we obtain P(C” C) = CP” from P(C”) = CP”! by attach- 
ing the 2n-cell C” x {1}, so the quotient P(C” ® C)/P(C") is S?” , which is the part of 
T(E) coming from this fiber C”. From Example 2.26 we know that K* (P(E @1)) is the 
free K*(X)-module with basis 1,L,---,L", where L is the canonical line bundle over 
P(E@1). Restricting to P(E) c P(E®1),K*(P(E)) is the free K*(X)-module with 
basis the restrictions of 1,L,---,L"~' to P(E). So we have a short exact sequence 


0 — K*(T(E)) — K* (P(E@1)) > K* (P(E)) —0 


and Kerp must be generated as a K*(X)-module by some polynomial of the form 
L” + ap L") + +++ + ao1 with coefficients a; € K* (X), namely the polynomial 
Sep AL in Proposition 2.27, regarded now as an element of K(P(E@1)). 
The class U € R(T(E)) mapping to S; (1) A (E)L" is the desired Thom class 
since when we restrict over a point of X the preceding considerations still apply, so 
the kernel of K(CP”)— K(CP”~!) is generated by the restriction of © ,(—1)!A'(E)L"”* 
to a fiber. 

Observe that K*(T(E)) is a free K*(X)-module with the single basis element U 
since K*(P(E@1)) isa free K*(X)-module with basis 1,L,---,L"~!,U. In particular 
we have an isomorphism K*(T(E)) = K* (X), known as the Thom isomorphism. 

Similar constructions can be made for ordinary cohomology. The defining relation 
for H*(P(E)) as H*(X)-module has the form > ,(-1)'c;(E)x"' = 0 where x = 


114 Chapter 4 The J-Homomorphism 


x(E) € H*(P(E)) restricts to a generator of H*(CP”~') in each fiber. Viewed as an 
element of H*(P(E@1)), the element ¥,(—1)'c,(E)x"", with x = x(E®1) now, 
generates the kernel of the map to H*(P(E)) since the coefficient of x” is 1. So 
¥(-1)'c;(E)x"' € H* (P(E @1)) is the image of a Thom class u € H?"(T(E)). For 
future reference we note two facts: 

(1) x =c,(L) € H* (P(E ®1)), since the defining relation for c,(L) is x(L)—c,(L) = 0 
and P(L) = P(E@1), the bundle L—E®1 being a line bundle, so x(E@1) = 
x (LE). 

(2) If we identify u with ¥,(-1)'c;(E)x"' € H*(P(E@1)), then xu = 0 since the 
defining relation for H*(P(E®1)) is S,(-1)'c,(E®1)x"*!"' = 0 and c;(E@1) = 
CAE): 

For convenience we shall also identify U with ¥,(—1)'A'(E)L"” € K(P(E@1)). 
We are omitting notation for pullbacks, so in particular we are viewing E as already 
pulled back over P(E@1). By the splitting principle we can pull this bundle E back 
further toa sum @®; L; of line bundles over a space F(E) and work in the cohomology 
and K-theory of F(E). The Thom class u = >,(—1)'c,(E)x"~! then factors as a 
product | ];(x — x;) where x; = c,(L,), since c;(E) is the i elementary symmetric 
function o; of x,,:--+,xX,. Similarly, for the K-theory Thom class U we have U = 
S (DTA (E)L"™ = LA, (E) = LTA, (Lp) = L"T1,(1 + L;t) for t = —L7!, so U = 
[],(L — L,). Therefore we have 


ch(U) = [],ch(L - Li) = I], (e* — e*) = ul], [(e* - e*)/(x; -x)] 


This last expression can be simplified to ul ],[(e* — 1)/x,] since after writing it as 
ulle] GIG -e*-“)/(x; -x)] and expanding the last product out as a multivariable 
power series in x and the x,’s we see that because of the factor u in front and the 
relation xu = 0 noted earlier in (2) all the terms containing x can be deleted, or what 
amounts to the same thing, we can set x = 0. 

Since the Thom isomorphism ®:H*(X)—H*(D(E),S(E)) ~ H*(T(E)) is given 
by cup product with the Thom class u, the result of the preceding calculation can be 
written as ® 'ch(U) = [1,[(e*' — 1)/x,]. When dealing with products such as this it 
is often convenient to take logarithms. There is a power series for log[(e” — 1)/y] 
of the form >’; ay /j! since the function (e” — 1)/y has a nonzero value at y = 0. 
Then we have 


log ®-*ch(U) = log IT;[(e* — 1)/x;] = >), logl(e* — 1)/x;] = ee oxi j! 
= a ach’ (E) 
where ch! (E) is the component of ch(E) in dimension 2j. Thus we have the general 
formula log @ 'ch(U) = ¥ j& jch (E) which no longer involves the splitting of the 


bundle E— X into the line bundles L;, so by the splitting principle this formula is 
valid back in the cohomology of X. 
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Proof of 4.7: Let us specialize the preceding to a bundle E po stk with clutching 
function f:S**-!—U(n) where the earlier dimension m is replaced now by k. As 
described earlier, the class f € K(Cyp) = K(T(E,)) is the Thom class U, up to a sign 
which we can make +1 by rechoosing f if necessary. Since ch(U) = ch(B) =b+ra, 
we have @ !ch(U) = 1 +rh where h is a generator of H°*(S**). It follows that 
log@ 'ch(U) =rh since log(1+z) = z—z*/2+--- and h? = 0. On the other hand, 
the general formula log@"'ch(U) = X; a,ch/(E) specializes to log@"'ch(U) = 
agch* (Ep) in the present case since H*/(S°*;Q) = 0 for j +k. If f represents a 
suitable choice of generator of 7r5,_,(U(n)) then chk (E f) = h by Proposition 4.3. 
Comparing the two calculations of log@~!ch(U), we obtain r = &g. Since eJcf) 
was defined to be 7, we conclude that e(Jcf) = a, for f representing a generator of 
Top, (U(n)). 

To relate «, to Bernoulli numbers f, we differentiate both sides of the equation 
>, a, x*/k! = log[(e* — 1)/x] = log(e* — 1) — log x , obtaining 

ype x(k- 1)! = e* /(e* - 1) — x7! =1 +(e” -1) 1 - xt 
=1- x7! + J Bux Tk! 
=1+ >, Bx" k! 

where the last equality uses the fact that fọ = 1, which comes from the formula 
x/(e* — 1) = 5; B,x'/i!. Thus we obtain «, = g/k for k > 1 and 1+, = œ. Itis 
not hard to compute that 6, = —1/2, so a, = 1/2 and a, = -g/k when k=1. o 


Bernoulli Denominators 


The numbers B, are zero for odd k > 1 since the function x/(e%-1)-1+x/2 = 
S- B;x'/i! is even, as a routine calculation shows. Determining the denominator of 
B,/k for even k is our next goal since this tells us the order of the image of eJ¢ in 
these cases. 

Theorem 4.9. For even k > 0 the denominator of B,/k is the product of the prime 

powers wr such that p — 1 divides k and p’ is the highest power of p dividing k. 

More precisely: 

(1) The denominator of P, is the product of all the distinct primes p such that p — 1 
divides k. 

(2) A prime divides the denominator of B;,/k iff it divides the denominator of Px . 


The first step in proving the theorem is to relate Bernoulli numbers to the numbers 
S (n) = e TAE ERTE 
| Proposition 4.11. S,(n) = Sho (Bein (i+ 1). 
Proof: The function f(t) = 1+et +e74+..-+e!" has the power series expansion 
n-1 ea kk ai k 
2 aoao | IM =) yp SOE 
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On the other hand, f(t) can be expressed as the product of (e”’ —1)/t and t/(e'—1), 
with power series 


a tet ay abti = Don t+ DID Bes 
Equating the coefficients of t* we get 
Smk! = ni Beali + Dk- i)! 
Multiplying both sides of this equation by k! gives the result. o 


Proof of 4.9: We will be interested in the formula for 5,(m) when n is a prime p: 
(*) Skp) = Bap + (X) Brip/2 + +++ + Bop Ik +1) 

Let Zip) C Q be the ring of p-integers, that is, rational numbers whose denominators 
are relatively prime to p. We will first apply (*) to prove that pf, is a p-integer 
for all primes p. This is equivalent to saying that the denominator of 6; contains no 
square factors. By induction on k, we may assume pf,_; is a p-integer for i > 0. 
Also, p's (i + 1) is a p-integer since pi > i + 1 by induction on i. So the product 
Bee (i + 1) is a p-integer for i > 0. Thus every term except fp in (*) isa 
p-integer, and hence fp is a p-integer as well. 

Next we show that for even k, pB, = S(p) mod p in Zip), that is, the difference 
PPk — S(p) is p times a p-integer. This will also follow from (*) once we see that 
each term after fp is p times a p-integer. For i> 1, py’ '/(i+1) isa p-integer by 
induction on i as in the preceding paragraph. Since we know f,_;p is a p-integer, it 
follows that each term in (*) containing a 6,_; with i > 1 is p times a p-integer. As 
for the term containing fg, this is zero if k is even and greater than 2. For k = 2, 
this term is 2(—1/2)p*/2 = —p*/2, which is p times a p-integer. 

Now we assert that S(p) = —1 mod p if p—1 divides k, while S,(p) = 0 mod p 
in the opposite case. In the first case we have 

Sup) aa Hsp Sy Sa Sp = SL odp 
since the multiplicative group ZL; = Zp — {0} has order p —1 and p -1 divides k. For 
the second case we use the elementary fact that Z5 is a cyclic group. (If it were not 
cyclic, there would exist an exponent n < p — 1 such that the equation x” — 1 would 
have p — 1 roots in Z,, but a polynomial with coefficients in a field cannot have more 
roots than its degree.) Let g be a generator of Z%, so {1,g',g°,---,g” °} = Z3. 
Then 
Se(p) = e+e t+ pD = 1h 4 gk 4g 4+. +g? 

and hence (g* — 1)S;,(p) = g” P* —1 = 0 since g”™! = 1. If p — 1 does not divide 
k then g* + 1, so we must have S(p) = 0 mod p. 

Statement (1) of the theorem now follows since if p — 1 does not divide k then 
pb, = S(p) = 0 mod p so p, is p-integral, while if p — 1 does divide k then pf, = 
S(p) = -1 mod p so f, is not p-integral and p divides the denominator of fẹ. 

To prove statement (2) of the theorem we will use the following fact: 
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| Lemma 4.12. For all n € Z, n*(n* — 1)B;/k is an integer. 


Proof: Recall the function f(t) = (e”’ — 1)/(e' — 1) considered earlier. This has 
logarithmic derivative 


f' (t)/ f(t) = (og ft) = Doge” - 1) - log(e’ -1)]' = ne™ /(e™ - 1) -e'/(e - 1) 
We have 
e* j(e* —1) = 1/(1-e™) =x [-x/(e™ - 1] = X po D* Bext k! 
So 
nk k-1 
TOTOR a — 1)Byt**/k! 

where the summation starts with k = 1 since the k = 0 term is zero. The (k — 1)* 
derivative of this power series at 0 is +(nk — 1)B,/k. On the other hand, the (k — 1) 
derivative of f’(t)(f(t))~! is (f(t))~* times a polynomial in f(t) and its derivatives, 
with integer coefficients, as one can readily see by induction on k. From the formula 
f(t) = Sko Sy (n)t*/k! derived earlier, we have f (0) = S;(n), an integer. So the 
(k — 1) derivative of f’(t)/f(t) at 0 has the form m/f(0)* = m/n* for some 
m E Z. Thus (nk — 1)B,/k = +m/n* and so n*(n* — 1)B,/k is an integer. Oo 


Statement (2) of the theorem can now be proved. If p divides the denominator 
of B, then obviously p divides the denominator of B,/k. Conversely, if p does not 
divide the denominator of f, , then by statement (1), p — 1 does not divide k. Let g 
be a generator of Z5 as before, so g“ is not congruent to 1 mod p. Then p does not 
divide gg” —1), hence f,/k is the integer gta — 1)B,/k divided by the number 
gta — 1) which is relatively prime to p, so p does not divide the denominator of 
By /k. 

The first statement of the theorem follows immediately from (1) and (2). o 


There is an alternative definition of e purely in terms of K-theory and the Adams 
operations wk. By the argument in the proof of Theorem 2.19 there are formulas 
wa) = k” a and w*(B) = k"B + Hg& for some pug € Z satisfying p,/(k™ — k”) = 
up/(l™ — €"). The rational number ug/(k™ — k”) is therefore independent of k. It 
is easy to check that replacing $ by B + pa for p € Z adds p to py/(k™ — k”), so 
Hg/(k™ — k”) is well-defined in Q/Z. 


|| Proposition 4.13. e(f) = u,/(k™ — k”) in Q/Z. 


Proof: This follows by computing ch w*(B) in two ways. First, from the formula 
for w*(B) we have chw*(B) = k"ch(B) + u,ch(a) = k"b + (k"r + p,)a. On the 
other hand, there is a general formula ch? w*(€) = k4ch4(E€) where ch? denotes the 
component of ch in H*“. To prove this formula it suffices by the splitting principle 
and additivity to take € to be a line bundle, so wk (E) = EK, hence 


chtp*(&) = ch4(E*) = [c (E*)]4/q! = [kc (E)]1/q! = kfc, (E)4/q! = kich1 (£) 
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In the case at hand this says ch" w*(B) = k™ch™(B) = k™ra. Comparing this with 
the coefficient of a in the first formula for ch w*(B) gives Hg = 7(k™ —k"). Oo 
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